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SELECTION RULES:

e Electric dipole (E1), In LS coupling;:

— AL=0or £1,but L=0-+A L=0
— AS =0

— AJ=0or £1,but J=0+, J=0
— Parity P is odd

e Magnetic dipole (M1):

~AL=0or +1,
— AS=0o0or £1
— AJ=0or £1,but J=0+4 J=0

— Parity P is even

ORDERS OF MAGNITUDE

For the Einstein A-coefficient (per unit time)
e BEl: A~ (w/c))(r)? ~a?Z22 =32 it An#£0 (~10° s71)
=a’Z if An=0
o Ml: A~ (El)xa?Z =a°Z? if An=0
e Relativistic M1: A ~ (E1)x(a?Z%)(a?Z%)? = a°ZY (~10* 57! for He)
o M2: A~ (E1)x(a?Z%)? =a"Z% (Exceeds E1 at Z ~ 18 if An = 0)

a?Z4\?
e spin-forbidden E1: A ~ (E1)x ( 7 ) =a'Z10

7% An#0,

Note that for the transition energy, hw o { Z. An =0
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INTRODUCTION

This series of lectures has a rather general title because it deals with a variety of
topics, both theoretical and experimental, which are related to one another. A great
deal of progress has been made over the past few years in the precision of measure-
ments for one— and two—electron atoms. A parallel development of new techniques for
high precision caculations is opening the way to a wide variety of comparisons between
theory and experiment which are sensitive to higher order relativistic and quantum
electrodynamic (QED) effects. There are close connections between these lectures,
which focus primarily on the low to intermediate range of nuclear charge, and those of
Peter Mohr and Berndt Miiller, which describe effects in the high nuclear charge and
super—critical field regimes.

The first lecture will begin with a review of the basic theory of radiative transi-
tions in order to define the notation and lay the ground work for a discussion of the
interference effects which occur in the electric field quenching of hydrogenic ions. I will
then describe in some detail the quenching anisotropy method for measuring the Lamb
shift, which has recently yielded the most accurate available determination of the
Lamb shift in He*, thereby providing one of the most sensitive tests of higher order
QED corrections.

The second lecture will begin with a brief description of closely related quenching
asymmetry measurements which yield the level width of the 2p state, and the relativis-
tic magnetic dipole matrix element for the 2 25;/3 — 1 254/ transition. 1 will then
change topics to a discussion of new variational techniques for two—electron atoms.
These techniques now make it possible to improve the precision of existing calculations
by several orders of magnitude for nonrelativistic energies and relativistic corrections of
O(a?). This improvement is necessary in order to match the accuracy of existing mea-
surements. An important advantage of these techniques is that they can be extended
to higher members of the Rydberg series (at least up to n ~ 10) with no serious loss of
accuracy. In contrast, standard variational calculations suffer a disasterous loss of ac-
curacy for the more highly excited states.

The third lecture will begin with a summary of the numerous small corrections to
the two—electron energy which must be included before a comparison with experiment
becomes meaningful. These are finite nuclear mass effects of O(x/M) and O(u2/M?2),
relativistic corrections of O(a?), relativistic reduced mass corrections of O(a2u/M) and
QED corrections of O(a3Z4) and higher. For the QED terms, the two—clectron correc-
tions of O(a3Z3) referred to as the "screening of the Lamb shift" are included in a



nonrelativistic approximation in which the leading term is evaluated exactly, and the
relativistic corrections of O(a*Z*) and higher are estimated from the corresponding
one—electron terms. An exact calculation of the two—electron relativistic corrections
has not yet been done, although progress on this topic is reviewed in Peter Mohr's talk.
A comparison with a wide variety o% high precision transition frequency measurements
yields well-defined discrepancies which can reasonably be accounted for by uncalcula-
ted terms of O(a*Z4) and O(a3Z2). Finally, a brief survey will be given of the compari-
son between theory and experiment for high—Z two—electron ions.

RADIATIVE TRANSITIONS

This section begins with an overview of the decay mechanisms for the low—lying
states of one— and two—electron ions. Then the theory of spontaneous transitions is
briefly reviewed. This establishes the basic concepts and notation for a more detailed
discussion of relativistic magnetic dipole transitions and the quenching radiation asym-
metries which allow one to measure the Lamb shift in one—electron ions.

Fig. 1 shows the low—lying states of one—electron ions together with their modes
of radiative decay. As is well known, the 231/, state is metastable because ordinary
electric dipole (E1) transitions to the ground state are forbidden by the parity selection
rule. For low Z ions, the dominant decay mechanisn is the simultaneous emission of
two E1 photons, giving a decay rate of

w(2E1) = 8.2293810Z6 51 + relativistic corrections (1)

(Drake, 1986). However, the relativistic M1 mechanism discussed below increases in
proportion to Z10 and eventually becomes dominant for Z > 43.

In the presence of an external electric field, the 2sy/2 state becomes mixed with
the close-lying 2py/2 and 2p3/2 states, making possible E1 and M2 transitions to the

Fig. 1.  Energy level diagram for one—electron ions, showing the radiative
decay modes. The dashed lines indicate electric field mixing of the
231/ state with the 2py/y and 2ps/s states, leading to field—induced
E1 (electric dipole) and M2 (magnetic quadupole) transitions to the
ground state.



ground state. The external field mixing is represented by dashed lines in Fig. 1. The
rotational asymmetries discussed below arise from interference effects among the single
photon decay channels.

Fig. 2 is a similar diagram of the radiative decay modes for two—electron ions.
Here, both the states 1s2s 1Sy and 1s2s 3S; are metastable. Calculations for the 2E1
decay mode from the 2 1S; state have recently been done to improved precision by
Drake (1986), and the decay rate has been measured in ions up to Kr34* (Marrus,
1986). The relativistic M1 decay rate from the 2 3S; state was first calculated by
Drake (1971, 1972a), Beigman and Safranova (1971), and by Feinberg and Sucher
(1971). These processes are of considerable astrophysical importance (see, for example,
Drake and Robbins, 1972; Blumenthal et al. 1972).

As in the one—electron case, the 2 1S state of helium can be quenched by the
application of an electric field due to field—induced mixing with the 2 1Py state. How-
ever, fields on the order of 100 kV/cm are required because of the large electrostatic
splitting between the states. The quench rate has been measured by Petrasso and
Ramsey (1972). Their result of 0.926(20) F2(cm/kV)2s-! (F is the field strength) agrees
with the theoretical value 0.932(1)F2(cm/kV)2s"1 obtained by Drake (1972b).

The wavy dashed lines in Fig. 2 indicate more exotic decay modes which become
increasingly important for the two—electron ions of higher Z. The 2 3Py — 1 1Sy El
transition is a spin—forbidden process which accurs through mixing between the 2 1P,
and n 3P, states due to the Breit interaction (Drake and Dalgarno, 1969; Drake, 1976).
There is also a small contribution from doubly excited npn'p 3P¢e intermediate states
(Drake, 1976). The M2 decay rate from the 2 3P, state is discussed by Drake (1969).
Since it increases in proportion to Z8 along the isoelectronic sequence, while the compe-
ting 2 3Py — 2 35 E1 rate only increases as Z, the M2 process becomes dominant for
ions beyond Cl15*.

The very unusual EIM1 two—photon decay mode from the 2 3P state is discus-
sed by Drake (1985). Even though it is strongly suppressed, the rate increases in pro-

Fig. 2. Energy level diagram for two—electron ions, showing the radiative
decay modes for the low-lying states. The wavy dashed lines
indicate inhibited transitions which become important for high—Z
ions.



portion to Z12, reaching about 46% of the allowed E1 rate in U9+, The Munger and
Gould (1986) measurement of the 2 35y — 2 3Py energy splitting in U9+ relies on the
theoretical value for the EIM1 decay rate.

Theory of Spontaneous Transitions

Fig. 3 shows the basic Feynman diagram for the spontaneous emission of a single
photon. The corresponding transition rate is given by Fermi's Golden Rule

w=3E1(f | Ving| 1%, @)

where
Vine = interaction energy operator

p, = mo. of final states per unit energy interval.

The basic parameters which characterize the emitted photon are
w = photon frequency
& = photon polarization vector

k = photon propagation vector (|ﬁ| = w/c).
Then

__ 7k%Q

£ (21)%he R

is the number of photon states of polarization & per unit energy and solid angle in nor-
malization volume 7. The interaction energy operator is

Vil’lt = 661~7\* . (4)

If the photon vector potential A is normalized to a field energy of hw per unit volume,
then
-+ 1/2 P ¢
L o U (5)

Collecting terms, eq. (2) becomes

23 SRy -
wdQ = [gﬁ] [{f|&- 2% F|i)|2dQ per unit time. (6)
o
In the nonrelativistic limit, & - f/mec, €*'* ~ 1 and the above becomes the familiar
dipole velocity form of the transition rate.

g
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Fig. 3. Feynman diagram showing the basic lowest order process of
spontaneous photon emission.



For the 2si/9 state, E1 and M2 processes become allowed due to electric field
mixing with the 2pi/o and 2pz/q states. A systematic way of incorporating all higher
multipole moments is to use the standard multipole expansion

.

- 1/2 -
gkl = [337] 2 {en 5“&* + ifkxey 3&?21*

M
+ iTO73 " [k, knély y 85O + +-+ ) (7)
where
! . _
€ = Fp (ey * tey), € =6,

and [a, b]Q'M denotes the vector coupled product
[0, Bla = D, (11mymy|2M) anybny -
ml,m2

X
The 3£M) are multipole operators with

A =1 for electric multipoles
A = 0 for magnetic multipoles.

In the transverse or Coulomb gauge, they are given by

L 1/2 N R
3181\14) = [m] gr+1(kr) YLi‘fﬂ(l’)

/ g
+ () el V) (®
al® = gy (kr) YL H(D) 9)

where the ¥ M(t) are vector spherical harmonics defined by
VHE) = Y, V(g1 mglJ M) (10)
m.q

gu(kr) = 4mijy (kr) (11)

() = 2L 1 2%/ 2 + 242 (12)
JL\2) = L T2LF3) T 2L +3)(2L+5

is a spherical Bessel function. For low Z atoms, kr = wr/c is small and one can make
the long wavelength approximation in which only the leading term of eq. (12) is re-
tained. In the nonrelativistic limit, the four component Dirac operators reduce to the
equivalent nonrelativistic operators acting on two—component Pauli spinors

and

et-3ll) — evZ @y, (13)
et 2(Y) — i(VD y)- [mﬁLi’L ﬁﬁ] (14)
and  ed-24Y) — i(Vo,y)- [m‘ng + 32 ﬁ] (15)

where @y = gr(kr) YLH(1), I = #xp, and B = (ex/2)3. Here, [l is the magnetic mo-
ment operator and X = aag is the Compton wavelength.



Relativistic Magnetic Dipole Transitions

For the 2s1/3 - 181/ transition, only the M1 term 2{% contributes, but even this

term vanishes in the nonrelativistic long wavelength approximation since iV®y —
k(47/3)1/28y, and matrix elements are proportional to the overlap integral. However,
relativistic corrections of O(a2Z2) and finite wavelength corrections of O[(wr/c)?] give

et 3% ~ — kVBTI3 My (16)
where
2p2  1(wr)? | Ze
o= 528 4] + 5 w

is the effective magnetic moment transition operator acting on nonrelativistic wave
functions. For the 28,5 - 15, /2 transition, the matrix elements are

<131/2,1/2|M*1:,0|231/2,1/2> == [%g—z] €x (18)

(81/9 1721 M1 112819 1/2) = [Sgizz] ex . (19)
The transition rate into solid angle d© is then

wdQ = [%:r] | M2 [ [k |2 + 2| [kxe],|2}d92 (20)
with M= — [2%2—2] o (21)

Summing over any two linearly independent polarization vectors & perpendicular to k
results in

2 |[kxé],|2 = sin20 (22)
e
and
22 [[kxé],|2 = 1 + cos?0 . (23)
e

Thus f dQ = f f sinfdfdy just gives a factor of 4. Using the nonrelativistic value

37%a
8a,

w(28y79 > 18y ) = 43| M|/

al%710 1
= [—972J 7

= 2.496x1076 51 (24)

k= yields the final decay rate

for H. (7 = 2.41888x10"17s is the atomic unit of time.) This is much less than the 2E1
decay rate for H. However, the M1 rate becomes dominant for Z > 43. Even for H and
He*, the M1 process produces observable interference effects in Stark quenching, as
discussed in the following section.



1.1 Selection Rules
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Theory of Relativistic Magnetic Dipole Transitions: Lifetime of the
Metastable 2 3S State of the Heliumlike Ions

G. W, F, Drake
Department of Physics, University of Windsor, Windsor, Onlario, Canada

(Received 16 September 1970}

It has recently been established that the radiative lifetime of the metastable 2 %S state of
helium and the heliumlike ions is determined by single-photon magnetic dipole (M1) transitions
to the ground state, rather than the two-photon process proposed by Breit and Teller. The
theory of nl —n'l M1 transitions with n #n" is developed in the Pauli approximation and ex-
tended to two-electron systems. Terms arising from relativistic energy corrections and
finite-wavelength effects are included. The results for hydrogenic systems are shown to be
identical to those obtained in the relativistic four-component Dirac formulation., The co-
efficients in the Z-! perturbation expansion of the 1s2s ?S-1s?!S M1 transition integral are
evaluated through ninth order and used to calculate the M1 emission probabilities from the
235 state of the two-electron ions up to Fe xxv. The emission probability for neutral helium
is 1,27x10™ sec”!, The results are compared with recent solar coronal observations by
Gabriel and Jordan, and with a measurement of the 2§ state lifetime in Ar xvir by Schmieder
and Marrus,

The M =0 component of the magnetic dipole transi-
tion matrix element then reduces to

(1'8]@10]228) = pup (11| = (2/3m3c?) (pF ~ p3)
-L(w/ecl (-3
+(ze*/3mc®) (vt = r3hi23%),
(35)
omitting the spin parts of the wave functions. The

14



TABLE II, 1s52s %5-1s? !5 energy differences, transition integrals,® and M1 decay rates for the heliumlike ions.

z AE(a.u.)® pt/2? Z%? 1/(27) Ayslsec™
2 0.72850 0,438 44 ~ 17,4984 0.27412 1,272%107*
3 2.16918 0,492 90 -6.0779 0.285 32 2,039%107°
4 4,358 40 0.51837 - 5.5126 0. 28903 5.618 x 107
5 7.29707 0.53337 - 5.2099 0,29087 6.695x10°
6 10. 98549 0.54330 —5.0215 0.291 97 4.856x10!
7 15,423 76 0,55036 -4,8929 0.29269 2,532 x10?
8 20.61194 0.555865 —4.7997 0.29321 1. 044 x10°
9 26,550 07 0.55976 —4,7289 0.293 60 3.608 x10°

10 33,238 15 0.563 05 -4,6734 0.293 90 1,087 x104

11 40.67621 0,565 74 -4,6287 0,294 14 2,935 %104

12 48,864 25 0.56797 ~ 4.5920 0,294 34 7.243 x 104

13 57.802 26 0.569 87 —-4,5612 0.29450 1,658 x10°

14 67.49027 0.57149 - 4,5350 0,294 64 3.563 x10°

15 77.92826 0.572 90 - 14,5125 0.29476 7.251x10°

16 89.11625 0.574 13 -4,4930 0,294 86 1.408 x10°

17 101,0542 0.57521 ~ 4. 4758 0.294 95 2.622 %108

18 113.7422 0.576 18 —4,4607 0.295 03 4,709 %108

19 127.1802 0.577 04 —4,4472 0.295 10 8,187 x108

20 141,368 1 0.57782 —4.4351 0.29516 1,383 %107

21 156. 306 1 0.578 52 -4, 4242 0,295 22 2,275%107

22 171,994 1 0.579 16 —4,4143 0.29527 3.656x107

23 188,432 0 0.57975 - 4,4053 0.295 32 5,751 %107

24 205. 6200 0.58028 —-4,3971 0.29536 8.870x 107

25 223,5579 0.58077 - 4, 3895 0.295 40 1,344 x10°

26 242,2459 0.58123 —4,3826 0,295 44 2,002 x10%

* An operator ©1is understood to mean © 1 = @2 Wwith the spin parts of the wave functions omitted when calculating matrix
elements. Atomic units are used except as noted.

®Nonrelativistic energy differences are used throughout. Relativistic corrections increase the A,., values by less than
1 or 2% for Z S 20,
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Radiative Decay of the 2°S, and 2°P, States of Heliumlike Vanadium
(Z = 23) and Iron (Z = 26)*

Harvey Gould, Richard Marrus, and Peter J. Mohr
Department of Physics and Lawrence Berkeley Labovratory, University of Califoynia,
Berkeley, California 94720
(Received 1 July 1974)

Lifetimes of the M1 decay 2°S; — 11§, and of the decay 2°P, — 1S, have been measured in
the two-electron ions V**! and Fe*?*. The measured lifetimes are r(2°S;) = 16.9(7) nsec for
V**! and 7(2%S,) =4.8(6) nsec for Fe*?*. The 2°P, lifetimes are compared with a caleulation
that considers relativistic corrections and hyperfine-structure effects. It is found that

for V**, hyperfine effects contribute appreciably to the lifetime. For Fe*’! we obtain
7(2°P,)=0.11(2) nsec.
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TABLE I. Theoretical transition rates and lifetimes
of the 2°P, state in heliumlike ions.

e

Ag1 Ay Apghs T
Z (nsec™ ) (nsec™ ) F (nsec™ ) (nsec)
16  0.259 0.117 2.66
17 0.301 0.194 =201
18 0352  0.312 Al <0.007 1.51
22  0.687 1.64 ! 0.429
| 3/2 0 0.313
5/2 0.99 0.239
23  0.820 2.37 7/2 1.75 0.202
? 9/2 1.69 0.205
11/2 0 0.313

\
26 1.43 6.50 0.126

17



1 2 3%

WITHOUT HFS —t—i
e} \I o —— &t ES'
7~ COCKE, CURNUTTE, RANDALL . =
L4k TEWHE.ELHNUTTE [
: MACDONALD, RANDALL g
0
GOULD, MARRUS —, !
LO—1 I 4 |
ad
k| I l e
i L &
NE B | y
> =T
<l B E GOULD, MARRUS, MOHR
a4l -
L 1 | I i | i
6 ] :] 20 22 24 26

NUCLEAR CHARGE Z —=

FIG. 3. Comparison between measured and calcu-
lated M2 rates for decay from the 2°P, level. The

point at Z = 28 labeled “without H

FS8” is obtained by

making a best fit to our vanadium data using a single

exponential .

18



PHYSICAL REVIEW A

VOLUME 12, NUMBER 6

DECEMBER 1975

Experimental determination of the single-photon transition rate

between the 23S, and 1S, states of Her T

Joseph R. Woodworth*! and H. Warren Moos

Department of Physics, The Johns Hopkins University, Baltimore, Maryland 21218

(Received 7 July 1975)

The highly forbidden single-photon transition rate between the 2°S, and 1'S, states of He: has been measured
in a radio-frequency He discharge. The population of metastables in the 2°S, state was determined by Fabry-
Perot interferometric profiles of abserption from the 2°S, to the 4°P, , states. High spectral resolution and
precision ultraviolet radiometry were used to determine the brightness of the emission feature observed at
625.54 = 0.05 A, compared to the theoretical value of 625.56 A. Because of the very low transition rate, this
feature is weak, but it ic chawn that it ie due te the 2 3118, trancitinon. Tha valus far the radigtive transition
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238, lifetimes for various values of Z,
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Radiation damping model in place of perturbation theory when level widths are
Large compared with energy spacings

Lifetimes of silver isotopes (ns)
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