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ABSTRACT

Since its discovery, the Zeeman effect has played a large role in the field of atomic
physics and magnetometry, which is the study of the intensity of magnetic fields across
space and time. It is also the physical basis for nuclear magnetic resonance (NMR) and
magnetic resonance imaging (MRI). The use of the Zeeman effect as a magnetometer
is based on the assumption of a linear relationship between magnetic field strength
B and transition frequency. This work calculates nonlinear corrections of order B3
due to relativistic effects by the use of double perturbation theory. The results are
applied to the helion ion 3He* for which high precision experiments are in progress
at the Max Planck Institute in Heidelberg, Germany. The results will be used in

experimental research involving the construction of a high-precision magnetometer.

v



DEDICATION
I would like to dedicate this thesis to my parents, for encouraging me to work
hard and follow my dreams, and to Helena, for always believing in me and being my

biggest supporter.



ACKNOWLEDGEMENTS

First and foremost, I would like to thank my supervisor Dr. Drake, your guidance
and encouragement has shaped me into the physicist I am today. You saw me as an
eager student in his first year at the university who was willing to learn, and helped
transform me into the successful academic I am today. You have had a significant im-
pact on my personal and academic abilities for the better, teaching me to work hard,
communicate effectively through writing and presenting my research, and to always
prove a concept for myself to ensure a deeper understanding is achieved. Thank you
for seeing my potential and giving me the experience of a lifetime through attending
various conferences, meeting and listening to Nobel prize winners, and sharing your
wide breadth of knowledge about the Universe. Your patience, guidance, and gen-

erosity are qualities I strive to obtain as strongly in myself.

Additionally, I would like to thank Dr. Aaron Bondy for being a wonderful men-
tor, and a great friend. I could not have become half the person I am today without
your help and guidance throughout our time together at this university. You taught
me how to manage my classes, prepare for conference presentations, and how to work
towards my dreams. Your encouragement and welcoming attitude with an eagerness
to help made a huge impact on my university and research experience. This thesis
would not be possible without you, and I wish you all the best in your endeavors at

Drake university.

I would like to thank the Physics Department for their encouragement and sup-
port throughout my university experience. Dr. Rehse, thank you for encouraging me
to step up and be involved in the Department, your encouragement and enthusiasm
with the Physics Club has taught me many valuable skills I will use every day. Dr.
Rau, thank you for encouraging my interests in computational physics and pushing
me to become the theorist I am today. I would like to also thank Dr. Hammond, for

teaching me to use my intuition to solve problems and encouraging creative solutions

VI



through programming and experiments.

There are many students and friends I would like to thank as well. Karina
Boodram, thank you for the long study nights and Dairy Queen trips. I couldn’t
have succeeded without you, thank you for being a great class partner and friend.
Good luck finishing your degree next year, I know you will succeed! Jacob Bondy
and Sydney Doyle, thank you for the long nights of finishing projects and studying
for midterms. I would never have the understanding and appreciation for physics
I have today if it wasn’t for our joined study efforts. You both have bright careers
ahead of you! Edward Nafornita, thank you for always expressing interest in my work
and encouraging me to work hard even when I was feeling burnt out. Thank you for
your interest and support! Hunter Mailloux, thank you for encouraging me to pursue
my interests in programming and inspiring me to work towards a future career in
Data Science and Software Development. Your encouragement has had a big impact
on my career ambitions. Eric Ene, thank you for being a wonderful colleague and
a great friend. Attending conferences with you has been a great experience and our
late night coding sessions inspired me to be the computational physicist I am today.
I would also like to thank Sarah Bellaire, Brandon Levack, and Colin Karpala for

their encouragement and support in the classes we have taken together.

I am especially grateful to Jacob Leboeuf, who has been a great friend to me for
over 20 years. Your support has been invaluable to me, and our study breaks and late
conversations will be something I cherish forever. You have supported me through
tough times and have celebrated with me during great times, and I couldn’t have

asked for a better best friend. I look forward to all of our future adventures.

I would like to thank my family for their continued support throughout my life.
Dad, our talks about science and the universe are what has inspired me to be the
physicist I am today. Thank you for planting the curiosity and wonder about the

universe in me. I couldn’t have become the man I am today without your support,

VII



encouragement, and care. Mom, thank you for always supporting me, no matter how
tough it might be. Thank you for taking care of me and making sure I am in an
environment where I can let my ambitions grow while encouraging me along the way.
You are always my number one supporter. Hanna, thank you for always believing in
me and encouraging me to do more. You always inspire me with your hard work and

determination.

Helena, thank you for everything. You have always been there to encourage me
in my work, believing in me even if I do not. You inspire me to work hard even when
I don’t think I have any energy left, and your work ethic and drive to do what you
love most is an inspiration to me. Thank you for always being there for me when I
needed it most, and for pushing me to succeed. I would not be the person I am today
without you. I can’t wait to be by your side for all of the adventures that will come
next in our lives together. This thesis and the rest of my university career wouldn’t

have been possible without you.

VIII



TABLE OF CONTENTS

DECLARATION OF ORIGINALITY I11
ABSTRACT IV
DEDICATION A%
ACKNOWLEDGEMENTS VI
LIST OF FIGURES XI
LIST OF TABLES XII
1 Introduction 1
1.1 Background and Significance . . . . . ... ..o 1

1.2 Thesis Structure . . . . . . . . 3

2 Theoretical Methods 5
2.1 OVerview . . . ... 5
2.2 Atomic Units . . . . . . . ., 6
2.3 One-electron Schrodinger equation . . . . . . .. ... L. 9
2.4 Integration Techniques . . . . . . . . . .. ... oL 11
2.4.1 The angular part . . . . . ... .. ... L 12

242 Theradial part . . . . . . ... ... 13

2.5 Perturbation Theory . . . . . .. .. .. ... ... . 15
2.6 Recursion relations . . . . . . . .. 17
2.7 The Dalgarno Interchange Theorem . . . . . . .. . ... . ... ... 19
2.8 Double Perturbation Theory . . . . . . . ... ... ... ... ... 20

3 The Higher Order Zeeman Effect 22
3.1 Overview . . . ... 22
3.2 History . . . . . . 23
3.3 The Zeeman effect . . . . . . . .., 23
3.4 The Cubic Zeeman Effect . . . . . . . . . . ... 29
3.4.1 The relativistic magnetic dipole moment operator . . . . . . . 30

3.4.2 The relativistic correction to *Het . . . . . . . . . ... ... 34

3.5 Results. . . . . . 36

4 Conclusion and Future Work 39
4.1 OVerview . . . ..o 39
4.2  Synthesis of Conclusion . . . . . . . ... L0 39
4.3 Future Work . . . . . 41

A Derivation of the Recursion Relations 42

IX



B Left-acting Operators 48

C Special Functions 49
C.1 Overview . . . . . . . 49
C.2 The gamma function . . . . . . . . . .. ... L 49
C.3 Legendre Polynomials . . . .. .. ... ... ... ... ...... 52
C.4 Laguerre Polynomials . . . . . . .. ... ... ... ... ..., .. 54
C.5 Spherical Harmonics . . . . . . . . . . . ... 55
C.6 Confluent Hypergeometric Function . . . . . . .. .. ... ... ... 56

D Methods of solving for higher-order perturbations programmati-

cally 58
REFERENCES 60
VITA AUCTORIS 65



3.3.1
3.5.1

C.2.1
C.3.1
C4.1

LIST OF FIGURES

The Zeeman effect energy splitting for each order . . . . . . . . . ..
The Zeeman splitting including all smaller corrections for B = 07" to
B =50T. It can be seen that the higher order effects are sufficiently

small, and the linear effects still dominate. . . . . . . . ... .. ..

Graph of the gamma function compared to the factorial function. . .
Graph of the first few Legendre polynomials . . . . . ... ... ..
Graph of the first few Laguerre polynomials . . . . . . . . . ... ..

XI



2.2.1

C.3.1
C4.1
C.5.1

LIST OF TABLES

Table of fundamental constants expressed in S.I. units and atomic units. 6

Table of the first few Legendre Polynomials . . . . . . .. .. .. .. 53
Table containing the first few Laguerre polynomials . . . . . . . .. 55
Table of the first few spherical harmonic functions . . . . . . .. .. 56

XII



CHAPTER 1

Introduction

1.1 BACKGROUND AND SIGNIFICANCE

This thesis investigates hydrogenic systems subjected to an external magnetic field,
and plays a key role in the investigation of the g, — 2 anomaly. According to the
Dirac equation, a spin—% particle such as the muon should possess a magnetic dipole
moment with a g-factor of exactly 2 [1]. Deviations from this value arise from QED
corrections, which can be expressed in terms of the anomalous magnetic moment

a, = %= 2. As long as a particle’s g-factor remains close to 2 and consistent with

theoretical expectations, it suggests a lack of internal structure [25]. This result is
expressed in terms of the g-factor g, and so long that the g-factor for a spin—% particle
is 2, indicates that the particle has no internal structure. The g, — 2 anomaly is a
discrepancy between experiment and theory, which can be partially corrected for with
quantum field theory [25], but is yet to be properly explained to this day. The total
anomalous term predicted by the SM is written as the sum of its corrections from
QED, the electro-weak force, and the strong nuclear force

SM __ _QED EW hadron
a, =a;" +a," +a, . (1.1)

Both the QED correction and the electro-weak correction terms can be derived from
first principles [9]. The third term arises from the contribution of the strong nuclear
force, in which there are theoretical predictions, but they contain an uncertainty of

724.5(4.9)stat (5.2)syst x 10719 [10]. Because of this, the g-factor of the muon as well
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as for any atomic system remains a quantity that can only be determined via exper-
iment. The present best experimental value from a,, is from the E821 experiment at
BNL, which achieved a sensitivity of 0.54ppm [25]. Further understanding the g, — 2
result provides insight to the structure of the muon, and is currently an active area
of research for new physics beyond the standard model, with active experiments at
JPARC, FERMILAB, and CERN [25, 27]. Current research being conducted at the
Max Planck institute in Germany aims to measure the helion magnetic moment to a
high degree of accuracy, in hopes of further understanding this anomaly. Their work
involves a high precision magnetometer for helion, in which higher order corrections
to the Zeeman effect contribute to the accuracy of their measurement [35]. The Zee-
man effect as a whole dates back to before the conception of quantum mechanics,
and was one of many key experiments that motivated its discovery [17]. The study
of hydrogenic states in quantum mechanics provides a basis for the analysis of all the
elements, ions, and isotopes throughout the universe and because they consist only

of a nucleus and a single electron, have analytical solutions.

The potential impact of this research spans across many branches of physics
[18, 35]. Not only is this research highly relevant in high precision magnetome-
try, but is also of interest in high energy physics and astrophysics [18]. The ability
to accurately measure the spectral line splitting when an atom is subjected to an
external magnetic field will help serve as a test to the SM via the measurement of
gy — 2. This work will provide corrections to the high-precision *He* magnetometer
present at the Max Planck institute in Germany, with hopes of further lowering their
uncertainty. The magnetometer used in their experiment achieves exceptional sen-
sitivity, approaching the sub-part-per-billion level, currently having a measurement
accuracy of +0.26Hz [35]. At such high precision, corrections beyond the first-order
Zeeman effect (including relativistic and second-order perturbative terms) become
experimentally observable. This thesis provides theoretical corrections that aim to
reduce the systematic uncertainty of this magnetometer, allowing for a more accu-

rate determination of the 3He® nuclear magnetic moment. The results formulated
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from this experiment will aid other key experiments in magnetometry, such as the
independent calibration of *He-based nuclear magnetic resonance (NMR) probes [18].
Such magnetometers exhibit a wide range of applications from MRI machines [34] to
fundamental physics experiments such as those currently being conducted at FER-
MILAB and JPARC [27, 25]. While these higher order corrections are small, they
play a significant role in the high-field limit, eventually becoming a dominant term
that dictates the Zeeman splitting. The behaviour of high energy systems with large
magnetic field changes drastically due to these contributions, allowing for the further
study of the nature of neutron stars and other astrophysical objects. These astrophyi-
cal objects are capable of producing magnetic fields that can reach strengths exceeding
10%-10"! Tesla [31]. Under these conditions, nonlinear and relativistic corrections to
the Zeeman interaction dominate the behavior of atomic systems. Accurate mod-
eling of spectral line splitting in such regimes allows astronomers to infer magnetic
field strengths and compositions of these objects with higher precision. The work
presented here contributes to a more complete understanding of how matter behaves

under some of the most extreme conditions in the universe.

1.2 THESIS STRUCTURE

The main body of this dissertation includes four chapters, of which this section con-
cludes the first: the Introduction. The next chapter introduces theoretical methods
and concepts that are key to understanding the later sections and main results of this
thesis. It will cover concepts ranging from Atomic Units and the Schrodinger equa-
tion, to double perturbation theory. Chapter 3 covers the main topic of the thesis,
the Zeeman effect, where the known effects are introduced and combined to give the
higher-order Zeeman effect for hydrogenic systems. Afterwards, chapter 4 will give

an overall conclusion to the thesis and postulate areas of future study.

Several appendices are included at the end of this thesis, which cover extra ma-

terial which may be helpful to the reader. These sections are either provided as a
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convenience to the reader for a reminder of mathematical properties and tools, or

display full derivations which are summarized in the relevant sections of the work.



CHAPTER 2

Theoretical Methods

2.1 OVERVIEW

This chapter provides an overview of all theoretical methods used throughout this
thesis. It gives the theoretical building blocks upon which the thesis is constructed,
ranging from the set of units used in the problem, to perturbation equation solutions
and methods for verifying calculations. As stated in the introduction, this thesis is
based upon calculating matrix elements between two sets of wavefunctions connected
by an operator. These matrix elements arise from perturbation theory and are nec-
essary for computing energy shifts due to external fields such as those present in the
higher-order Zeeman effect. The foundation of theory is presented here, but the more
specific calculations related to solving for the Zeeman effect are presented in the rel-

evant chapter below.

The chapter begins first by discussing atomic units in Sec. 2.2, then introduces the
Schrodinger equation for the one-electron problem as well as its solution for hydro-
genic wavefunctions in Sec. 2.3. Next, Perturbation Theory is introduced in Sec. 2.5,
and how it is to approximate the new eigenvalues and eigenstates of the Zeeman-
perturbed Hamiltonian is discussed. Sec. 2.4 reviews various integration techniques
that are implemented both analytically and programmatically in order to simplify
the calculation process, followed by an introduction to solving recursion relations
in Sec. 2.6. This is the core step in determining the perturbed wavefunctions used

throughout the rest of the study. This is followed by the discussion of the Dalgarno
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Interchange Theorem and how it serves as a critical check on the correctness of the
obtained perturbed wavefunctions. The chapter then concludes with an introduction
to double perturbation theory, and discusses how it is used to provide a stronger and

more structured formulation of the problem.

2.2 ATOMIC UNITS

First proposed by Hartree in November of 1928, atomic units have since become the
standard across all of atomic physics. Atomic units were designed with the purpose of
"eliminating various universal constants from equations and also to avoid high powers
of 10 in numerical work” [24]. Hartree proposed that physical quantities such as the
mass are measured in terms of the mass of the electron m.. The charge measured in
terms of the electron charge, e, the vacuum permittivity in terms of 4meg, and the
angular momentum in terms of A. Their standard definitions in both S.I. units and

atomic units are stated in Table. 2.2.1 [29]. Written mathematically;

h=me.=e=4mex = 1. (2.1)

Scaling these units out of the problem greatly simplifies the calculation. Once a result
is found, multiplying the unscaled units back into the answer retrieves the desired

result in standard SI units. While the use of atomic units can make any work done

Symbol | Name Value in S.I Value in a.u.
h Reduced Planck’s constant | 1.054 571 817... x 10734 J s 1
Me Electron mass 9.109 383 713 9(28) x 1073! kg 1
e Electron charge 1.602 176 634 x 1071° C 1
€0 Electric permittivity 8.854 187 818 8(14) x 1072 F/m pr
c Speed of light 299 792 458 m/s 137.035 999 177(21)
! Fine structure constant 7.297 352 564 3(11) x 1073 WMW(ZI)

Table 2.2.1: Table of fundamental constants expressed in S.I. units and atomic units.
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by hand much simpler to manage, it also benefits numerical work that is done com-
putationally. Machine error is an unavoidable reality of programmed solutions and
working in units which avoids extreme values both large and small helps to mitigate
the uncertainty present in high precision calculations. In addition, exact analytical
results need not be limited by the values of the fundamental constants. This thesis
utilizes atomic units both analytically and numerically to simplify the calculation
process throughout, but most important values are displayed in SI units for conve-

nience of the reader!.

A consequence of utilizing atomic units is the need to redefine key fundamental
physical quantities in terms of these scaled values. An example of key importance
in the investigation of the higher-order Zeeman effect is the atomic unit of magnetic

field strength, otherwise referred to as the atomic unit of magnetic flux density [29].
h
Bouw = —5 . (2.2)

This value is composed of the Bohr radius ag, electron charge e, and A, the unit of
action. The Bohr radius is defined as the most probable distance between an electron
in the ground state of hydrogen and its nucleus. It can be described by the following
equation [22]

Ameoh? h
apg = =

e2m,  meca (2:3)
The Bohr radius itself is defined using a similar combination of fundamental constants
which after applying the rules for atomic units, should equal 1. It can now be seen
that all units in the atomic unit of field strength also become 1 as intended. At the
end of the problem, the desired result in S.I units is retrieved by simply multipling the
determined result by the atomic unit of magnetic field strength when its constants

are not scaled to 1. This is equivalent to multiplying the result in atomic units by

LAll calculations were done in atomic units, and during the writing of this thesis, were put back
into SI units for clarity.
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B, = 2.35051757077(73) x 10° T (2.4)

The numbers in parenthesis here denote the uncertainty of the quantity. Another key
benefit in atomic units is that it allows us to define almost all fundamental quantities
in terms of two constants; the speed of light, ¢ and the fine structure constant, a.
This allows one to express key physical laws in a way that highlights fundamental

dimensionless relationships rather than specific unit-dependant values.

The fine structure constant was introduced in 1916 by Arnold Sommerfeld when he
was investigating the gap in the spectral lines of the hydrogen atom [37]. He compared
his work with the Michelson Morley experiment from 1887 where the spectral lines
were shown and it was deduced that the universe is not permeated by the aether [28].

It is defined as the following dimensionless quantity

e? 1
= = 2.5
7 Uneohe  137.035 999 177(21) (2:5)
which in atomic units is just the following relationship with the speed of light
1
=—. 2.6
a=- (26)

The fine structure constant is often used as an essential expansion parameter, treating
relativistic effects as a perturbation in a.? Applying the atomic unit scaling to the
fine structure constant shown in equation (2.6) confirms that the second equivalence

in equation (2.3) remains equal to 1.

Applying this technique to problems in atomic physics gives a powerful way of
simplifying calculations while providing an easy conversion factor to SI units for com-

parison of theory and experiment. This thesis considers all equations and quantities

2More on this is discussed in Sec. 3.4.2
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in atomic units unless further specified otherwise.

2.3 ONE-ELECTRON SCHRODINGER EQUATION

Discovered by Schrédinger in 1926, the Schrodinger equation is a nonrelativistic so-
lution to any quantum-mechanical system [36]. Consider the two-body problem with
a nucleus and a single orbiting electron®. The electron interacts with the nucleus via

the Coulomb interaction described by the potential

ViR = -2 (2.7)

dreqr

The energy of the system is written using the Hamiltonian, where the potential is the

Coulomb potential. This can be written as

2 2

P Ze
H=—-— . 2.8
2m  4meyr (2:8)

All observable quantities correspond to hermitian operators that act on the wavefunc-
tion . The wavefunction v is a normalized vector in Hilbert space, H containing all
information pertaining to the system. The Hamiltonian is thus a hermitian operator

that satisfies the eigenvalue problem

Hip) = E,|v) (2.9)

This is the Schrodinger equation. It can be applied to the two-body problem by
substituting for the momentum its quantum operator analog. This results in the

expression

_hQVQw B Ze?

Hu =
v 2me

v =E. (2.10)

dmegr

3Tt is assumed here that the nucleus is a point particle with infinite mass.
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This is a second-order partial differential equation. Assuming spherical symmetry
allows one to split the solution to any system into two separable parts; The radial

part and the angular part.
Vnim = Rue(r)Y. (cos ) (2.11)

For a two body hydrogenic system the solutions for each are written in terms of
Laguerre polynomials and spherical harmonics. The radial equation has the following

solutions [3]

27 |Z(n—0—=1) (2Zr\" _z
Rne(r)zﬁ,/ ((n+€)! ) ( p ) e~ L2 (271 /n) (2.12)

Where Z is the nuclear charge atomic number, ¢ is the angular momentum quantum

number, n is the principle quantum number, and Lf_g;_l)l(QZr/ n) is the generalized

Laguerre polynomial (which is defined in Appendix C.4). The radial part of the

solution can also be written in terms of the confluent hypergeometric function 8]

Rpe(r) = (%i 1)\/(n Engtél);m (%)ie‘f”x (2.13)
<ﬁ)F (—(n 1,204, ﬁ)

n n

Additionally, the spherical harmonics are

Ym0, 6) (—1)m\/ (%4:; Y Eﬁ — Z;:Pgn(cose)em (2.14)

where ¢ is the angular momentum quantum number, m is the magnetic quantum
number, and P;*(cosf) is the associated Legendre polynomial (which is discussed
further in Appendix C.3). A key feature of the spherical harmonics which is utilized in
Sec. 2.4 is that the spherical harmonics form a normalized complete set of orthogonal
basis functions. The ability to separate the solution into two independent parts plays

a crucial role in simplifying the task at hand and is exploited when evaluating integrals

10
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involving these wavefunctions in Chapter 3.

2.4 INTEGRATION TECHNIQUES

In this section s standard approach to solving the integrals pertaining to the various
matrix elements required throughout is discussed. A matrix element of an operator
V', such as (¢"|V]™), where V is a perturbed Hamiltonian, can be used to approxi-
mate the behaviour of quantum systems under small disturbances. Calculating their
matrix elements gives insight to the system’s behaviour, revealing properties such as
transition rates or behaviour in an external field. The calculation of these matrix
elements requires integration over the states as well as the operator acting on a state,
which can involve radial and angular pieces. As discussed in the previous section, the
ability to separate the solution into a radial part as well as an angular part signifi-
cantly simplifies the solution process relative to a direct calculation. Instead of having
to integrate a single function over all three dimensions in spherical coordinates, the
solution is split into two steps which are calculated independently. Assuming that

V(1) can also be partitioned into V (7) = V,.Vq,

WV = / TR V() dr / S0 U0, Vo™ (6,6) d2  (2.15)

0 Q

where (2 represents the solid angles for 6 and ¢. The total problem can then be solved

with the simple combination of calculated integrals.

<wn’V’wm> = lradial * Iangular . (216)

This section serves as a general introduction to the process of calculating matrix
elements, but Sec. 2.4.1 and Sec. 2.4.2 discuss further the specifics and techniques

used to calculate each piece of the solution.

11



2. THEORETICAL METHODS

2.4.1 The angular part

As mentioned previously, the angular part of the solution to any matrix element is

A /Q i 7 (0, 6)Vat™ (0, 6) dS2 (2.17)

Since hydrogenic wavefunctions are used to calculate matrix elements for the higher
order Zeeman effect, integrals of this form with one or more spherical harmonics
within the integrand appear. The calculation of the angular integrals is simplified by
exploiting the nature of the spherical harmonic function. Since it forms a complete
set of orthogonal basis functions, for any integral involving 6 and ¢, the integrand
is written in terms of spherical harmonic functions. Using the orthogonality of the

basis functions the integral of any two spherical harmonics is

T 27
| [ vee.oye 6.6) oo = s (2.18)
0 0

For all angular integrals where the spherical harmonics contain different angular mo-
mentum or magnetic quantum numbers, the result is zero. If given a scenario where
three spherical harmonics are multiplied together (i.e, there are three spherical har-
monic functions to integrate), the result can be expressed in terms of Wigner 3j-

symbols according to [16]

s 21
/0 /0 sin0 dode Y, (8, 6)Y;™ (0, )Y (0, 6) = (2.19)

\/(2€1+1)(2€2+1)(2£3+1) bl L3 [ 6 b Ly

am 00 0/ \m my my

12
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where the set of 6 parameters inside the brackets at the end of the expression is called

a 3j symbol, which has the following definiton [16]:

JiJ2 I3

=

= (=1)77772773 (24 + 1)2 (1, M, o, Mal|ji1, Jo, 3 — ma)  (2.20)

my Mo Mg

where (j1,m1, J2, mal|Jj1, Jo, J3, —mg) is known as a vector coupling coefficient and is

defined as [16]

(j1,m1, ja, m2|j1, jo, j, m) = 6(m1 +ma +m) x (2.21)

\/<2j+1><j1+j2j>!<j1 —Ga+ N—jr + 2+ )

(1 +jd2+7+1)

V(1 + ma)!(G1 — ma)! (G2 + m2)!(jz — ma)!(j +m)!(j — m)! x

(-1)?
EZ: 201+ jo — 3 — )W — ma — 2)1(2 +m2 — 2)(J — jo + 11 + 2)(J — j1 —ma2 + 2)!

This provides a closed form solution to any angular integrals involving three angular
momenta. Since the spherical harmonics form a complete set of orthonormal func-
tions, any expression in terms of 3 or more angular momenta is written by substituting
linear combinations of spherical harmonics for the angular parts of the integral. The
3 — 7 symbols are applied to such a system allowing one to avoid the direct integration

and replace it with the closed form solution in equations (2.20) and (2.21).

The ability to substitute the angular part of the integral with a closed form so-
lution in terms of Wigner-3j symbols allows for easy computation providing exact

analytic solutions to part of the problem being discussed.

2.4.2 The radial part

The radial part of the hydrogenic wavefunction is R,,(r), stated in equation (2.12).

The perturbed wavefunctions will thus also resemble a similar form since they serve

13
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as small corrections to the original solution*. Removing the terms not dependant on
r outside of the integrand (which are dependant on the perturbed wavefunction being
investigated as well as the angular momentum and principle quantum numbers), a

series of integrals that resemble the following form emerge®
Ladial = / rle”"dr (2.22)
0

where 7 € RT, and a € RT. This integral is a special one, being in the form of
the gamma function integral, I'(z). The Gamma function integral has the following
solution
Sl I'(j+1)
Jo—ar g, _
/0 rle”*"dr = S (2.23)
where as long as j + 1 € Z%", the gamma function simplifies to a factorial, and the

following relation emerges;

/ rle”dr = : (2.24)
0

aJtl

Fitting the integrals to the gamma function not only makes the task of computing the
integrals significantly easier, but also makes the integration computationally stable.
The solution provides a simple formula to implement when calculating radial inte-
grals, and allows one to skip the implementation of well known numerical integration
methods such as Euler’s method or any Runge-Kutta methods [30]. While these
methods are powerful, they do have significant drawbacks compared to the derived
analytical solutions due to error propagation and machine-precision and computation

time.

The ability to compute these radial hydrogenic wavefunction integrals exactly is

not only a satisfying result mathematically, but opens the door for more difficult prob-

4See Sec. 2.5 for more details.
This is shown explicitly in Sec. C.4.
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2. THEORETICAL METHODS

lems in atomic physics where machine error is the determining step in the accuracy

of a high-precision calculation®.

2.5 PERTURBATION THEORY

To quantify how a magnetic field affects atomic energy levels, the shifts induced by
the Zeeman effect must be determined. Since this interaction modifies the Hamilto-
nian slightly compared to the field-free case, perturbation theory is utilized to provide

a systematic way to approximate the new eigenvalues and eigenstates.

To start we write the perturbed Hamiltonian as a sum of two terms;
H=H"+\H (2.25)

where H? is the unperturbed Hamiltonian and H’ is the perturbation. \ is a pertur-
bation expansion parameter used to group together terms involving some power of .

expanding the wavefunction and the energy of the system as a power series in A gives

[22]

Un = P 4+ My, + NP2+ (2.26)
E,=E)+\E}) + N’E? + ... (2.27)

where each superscript is a higher order correction to the original wavefunction. Each
higher order term is less impactful to the solution (by a factor of A) but still contributes

a small amount. The first order perturbation equation is
(H° — E°) 9"y = = (V = E") [¢°) . (2.28)

To find the first order correction to the energy, E', simply multiply through by (¢°|.

6Such problems include the calculation of Hylleraas wavefunctions for three body atomic systems
such as H™, He, or Li™, where the radial integrals follow a similar but more complex closed form
solution.
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2. THEORETICAL METHODS
This gives
(WOlH® — E°|¢") = =@ |V[0°) + BN (4°[p") . (2.29)

The first term is zero because (H° — E°) [¢°0) = 0. (°|¢°) = 1 because of the nor-
malization condition for the original unperturbed wavefunction. The normalization

condition states that for each order of the perturbation

(nltn) =1 (2.30)
But since [¢°) is already normalized, the following condition must be imposed;
@) =0. (2.31)
Which ensures that the two states are orthogonal. The end result is
E' = (@°|V]y") . (2.32)

In general, any higher order energy can be found with the following expression, which

stems from the same process performed here for the first order energy.

E" = (thn1|V|tho) - (2.33)

Similarly to the standard quantum mechanical Hamiltonian, the perturbation equa-
tion is a second order partial differential equation. However, the perturbing term in
the equation as well as the higher order corrections to the energy serve as inhomoge-
nous terms. To solve this it is assumed that the higher order wavefunction is of the
form of a power series in r, and the method of Frobenius is used check if a solution

of this form exists. This is discussed in the following section.

To calculate a higher order correction to the wavefunction, a similar process is
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2. THEORETICAL METHODS

repeated. This time starting with the second order equation
(HO = B%) [v%) = — (V = BY) o) + E2|u°) . (2.34)

As it can be seen above, the second order solution requires the solution from the first
order equation. The requirement of solving the previous correction in order to get the
current one makes the processing of calculating higher order corrections quite labo-
rious, and developing a method to solve for higher order corrections computationally
removes the burden of solving lengthy equations by hand. The adaptation of solving

the higher order perturbation equations computationally is discussed in Sec. D.

2.6 RECURSION RELATIONS

When solving the perturbation equation, one ends up with an inhomogeneous second
order partial differential equation. To solve for the radial piece of the corrected
wavefunction, one can use the method of Frobenius. The method of Frobenius was
developed by Ferdinand Georg Frobenius in 1869 and is a method of solving equations
of the following form [38]:

d*uv  d*u

— 4+ — +ku=0. 2.35

dz?  dy? (2.35)
The method of Frobenius involves assuming the solution is of the form of a power
series, and then solving for terminating recursion relations to check if a finite solution
exists. The method of solving these recurrence relations is what will be highlighted

in this section.

A recurrence relation is an equation where the n'® term of a sequence is dependant
on some combination of its previous terms in the sequence. A simple example of a

recurrence relation is the Fibonacci numbers [19].

Fn = I'n—1 + Fn72 . (236)
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But these equations can only be solved if there is an inidicial equation. An indicial
equation is an equation which gives the condition that somewhere, the sequence stops,
or is no longer defined by its previous term. In this case, it is the equation for the
lowest starting power of r in the power series solution. A good example of this is the

factorial function. The n'® factorial number is determined by
n! =n(n—1)! (2.37)

where 0! is not dependant on —1!, but is equivalent to 1. The recurrence relation stops
here. If the recurrence relation did not have an indicial equation, and kept referring to
the previous iteration forever, there would be no solution to n!. Recurrence relations
can be written going downwards, as shown by the Fibonacci numbers and the factorial
examples, or they can be written going upwards. This is best shown by the following

recurrence relation

i [ZU —Daj1 — j(jT—i_l)ajl 7= — G + Z> : (2.38)

J=0

The recurrence relation can be identified by writing out values for different j

j=0 —Za_1 =0 (2.39)
j=1 a; = —1
j=2 Zayp—3ay = —24
—Z +3a9 = —24
a; =0
j=3 2Za9 + 6a3 =0
a3 =0

It can be seen here that for every term after aq, the series gives zero. The recurrence

relation was used for each iteration including the indicial equation for j = 0 and it
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2. THEORETICAL METHODS

has been shown that the sequence terminates, providing a non-divergent answer. If
this was the solution to the PDE given by the Frobenius method, it would mean that
the solution is in the form of a power series and the PDE is solved using the closed

form solution.

2.7 THE DALGARNO INTERCHANGE THEO-
REM

Now that the perturbation equation, the matrix elements associated with it, and the
ground work for the Hydrogenic wavefunctions has been laid out, a way to confirm the
calculations is desirable. This presents itself as the Dalgarno Interchange Theorem.
The theorem states that given any two perturbations V and W, thier first order

equations can be written as

(H® — E°) [9") + V[°) = B'[¢°) (2.40)
(H® = E%) ") + We") = F'[9°) . (2.41)

Multiplying equation (2.40) by ¢! and equation (2.41) by ¢! and then integrating
and subtracting (2.40) from (2.41) gives

WV — @7 Wle') =0. (2.42)

Therefore

(W VIy) = (W°|W]e') . (2.43)

So given any two perturbations, the respective perturbation equations can be solved to
retrieve ! and 1!, Using these solutions the two matrix elements can be computed
with the perturbed wavefunction and its opposing perturbation from the opposing

equation, and the result should be the same! This method serves as a check that
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the solutions are correct. Once the perturbing terms for the relativistic magnetic
dipole operator and the relativistic correction have been calculated, the Dalgarno In-

terchange theorem can be used to verify that the calculations were correct.

The synthesis of all these methods is reached by perturbing the nuclear charge
of the hydrogen atom to model a *He™ atom, and then solving the perturbation
equation to find the higher order Zeeman effects. This will require the calculation of
matrix elements for % for relativistic corrections, and for the cubic Zeeman effect, the
r? matrix element for magnetic effects. these matrix elements can be computed by
utilizing the discussed integration techniques above, as well as verify the calculated

results for each using the Dalgarno interchange theorem.

2.8 DOUBLE PERTURBATION THEORY

Double perturbation theory is a natural extension to standard or single perturbation
theory. It involves the expansion about two parameters A\ and v, instead of just a

singular parameter. The double perturbation equation is
(HY+ XV +vW) ¢ = Eyp (2.44)

where V' and W are two perturbation operators. The expanded equation is grouped
in terms of powers of A and v, giving a set of n equations, where n is the order of the

highest considered perturbation.

A0 (HY = Eop) thop =0 (2.45)
MY (Ho — Eop) thio + Voo = Erotogp (2.46)
Nt (Ho = Eoo) o1 + Wiboo = Evotoo (2.47)
At (Ho — Eop) Y11+ Vibo1 + Wi g = Ev oo + Eoatio + Evitboo - (2.48)
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The main difference to note is that each each wavefunction correction and each en-
ergy correction now has two indices instead of one. The first index corresponds to
the expansion about A, and the second index corresponds to the expansion about
v. Multiplying equation (2.48) by o and integrating, the following expression is

obtained for the energy cross-term correction

Er1 = (YoolV|vo1) + (ool Wltro) - (2.49)

So there is a new energy correction that arises due to the cross term between both
perturbation expansions, and it is determined by the sum of the matrix elements
of the perturbation operators. From the Dalgarno interchange theorem discussed in
Sec. 2.7, these two matrix elements are equal. This gives two expressions for the

corrected energy in terms of the perturbation operators

Eq1 = 2(¢oo|V]ho1) (2.50)
Ei1 = 2(too|W 1) - (2.51)

The formulation of the total Zeeman effect in this thesis includes several corrections
to the Hamiltonian, requiring the solution of two perturbation equations. These
equations are solved using single perturbation theory, but are later expressed in terms
of double perturbation theory to provide a clearer picture of how to handle both
perturbations simultaneously. This formulation also has the benefit of highlighting
the cross term energy correction of interest, and showing how it arises as a natural

result of the application of double perturbation theory.
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CHAPTER 3

The Higher Order Zeeman Ejffect

3.1 OVERVIEW

In this chapter the Zeeman Effect is introduced and the higher order Zeeman Effect
is discussed. The main focus of this chapter is to show the effect of the quadratic
Zeeman Effect, and show how using the relativistic magnetic dipole operator in con-
junction with the relativistic corrections to He* yields a cubic Zeeman Effect. The
effects of both the quadratic and cubic corrections are discussed in great detail, and
the impact of the effect on high precision measurements is displayed for various mag-

netic field strengths.

Sec. 3.2 starts with the history of the Zeeman effect, its origins and discovery. In
Sec. 3.3, the ordinary Zeeman effect and quadratic Zeeman effect are derived using
the canonical momentum. Their respective theories are introduced and applications
to atomic systems such as *He™ are discussed. Moving towards higher order systems,
the cubic Zeeman effect is introduced. Starting with the effects that contribute to the
cubic Zeeman effect such as the relativistic magnetic dipole operator in Sec. 3.4.1 and
the quadratic Zeeman effect, the relativistic correction to *He™ is derived and shown in
Sec. 3.4.2. these effects are combined to yield a B? contribution to the energy splitting
within the presence of an external magnetic field. Afterwards, Sec. 3.5 discusses the

results of the calculation and its applications.
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3. THE HIGHER ORDER ZEEMAN EFFECT

3.2 HISTORY

The Zeeman effect was first introduced by Pieter Zeeman, who discovered in 1896
that in the presence of a static magnetic field, spectral lines could be split into many
components. After the discovery of quantum mechanics, the behaviour was found to
be described as a perturbation of the Hamiltonian using the magnetic moment of the

atom and the magnetic field.

Since it’s discovery, the Zeeman effect has played a large role in the field of atomic
physics and magnetometry, which is the study of the intensity of magnetic field across
space and time. There have been several calculations to include the relativistic correc-
tions [39, 40], field inhomogeneities, and quadratic effects in hydrogenic systems [20].
However, little is known about its behavior in helium atoms such as 3He™ and 3He,
which is of key interest in magnetometry and the muon magnetic moment anomaly

(9, —2), for which there is a 5.0 o discrepancy [4] with the standard model prediction.

3.3 THE ZEEMAN EFFECT

When an atom is placed in an external magnetic field, its energy levels are shifted.
The shifting of energy levels is known as the Zeeman effect. The effect is derived from
the Schrodinger equation and the canonical momentum. The canonical momentum
is a conserved quantity that describes a moving charged particle. It can be written

as

P=mi+eA. (3.1)
Where mv is the classical definition of the momentum, and eA is the extension
from electrodynamics that accounts for the impact of an external magnetic field on
a charged particle. This term is required in order to ensure that the conservation of

momentum holds true, since charged particles subject to an external magnetic field
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3. THE HIGHER ORDER ZEEMAN EFFECT

travel in a circular path dependant on the direction of the field.

The canonical momentum then is also written in replacement to the typical mo-

mentum operator in quantum mechanics, giving the canonical momentum operator
ﬁcanonical = 1hV + eA . (32)

Where A is the vector potential operator. For an external magnetic field of strength

B pointing in the k direction the operator becomes

A= g (yi - xj) : (3.3)

Substituting this in for the vector potential operator in the canonical momentum and

placing it into the Hamiltonian equation one gets

(z’hﬁ—l— % <y% —xj'))z - 762

H= . 3.4
2m. dregr (3-4)
Which when expanded gives
A —h2V?  iheB - N N theB [ N = e’B? Ze?
= _ ) N S 2 2y 4¢ . '
2m 4m v [yz xj} 4m {yz xj} v 8m (x Ty ) 4megr (3.5)

This equation is crucial for incorporating electromagnetic effects into the Hamiltonian.
The first term in the expanded Hamiltonian is the standard operator. The first term

and last term of the equation can be combined to write the ordinary Hamiltonian

H = HStandard -

iheBﬁ'[A A}_meB[A’ A'] . 2 2

. . e
YL — TJ ool LB -V + o (2 +y*) . (3.6)

When V - A = 0, it is permitted to replace V - A with A -V [33]. Performing the dot

product in the next term gives

(® + %) . (3.7)
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3. THE HIGHER ORDER ZEEMAN EFFECT

This term is analogous to the orbital angular momentum operator in the k direction
0 0
L, =zp, —yp, = ih [y— - x—] : (3.8)

Substituting this into the expression for the total Hamiltonian

A A eB e? B2
H = Hgtandara + 5 — L. +
2m 8m

(2* +97) . (3.9)

The middle term is the angular magnetic moment of the system, and the final term
containing a B? is known as the quadratic Zeeman effect H (ZZ). The orbital angular

magnetic moment is [7]
jy=—1L. (3.10)
Thus the Hamiltonian for a system subject to an external magnetic field is
H = Hsongora + Hz, + HY (3.11)

Since the magnetic field in question is considered to be in the positive k direction,

the linear Zeeman effect term is written in terms of the orbital magnetic moment
AP =ji,-B . (3.12)

Accounting for the intrinsic spin of the electron, an additional term can be added to

the Hamiltonian called the spin interaction [33]
A~ eB —
Hgpin = —gs—S . 3.13
Sp g om ( )

Where S is the spin angular momentum operator. This expression is defined as the

spin magnetic moment ji,, and contains the Larmor frequency w = % [21].
fs = gs—S . (3.14)
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3. THE HIGHER ORDER ZEEMAN EFFECT

Here, g, is the electron g-factor. The spin magnetic moment and the angular magnetic
moment both scale linearly in B. The two effects are combined into what is known

as the linear Zeeman effect.

~

Hy=— (@ +)-B. (3.15)

The linear Zeeman effect has the following eigenenergy solutions

B
e, = =— + upB(mg +2my) (3.16)

So it is seen that depending on the magnetic quantum number, the energy levels split
apart. Their corresponding new energies depend on this magnetic quantum number
as well as the principle quantum number n, and scale linearly with magnetic field

strength B. This is shown effectively in figure. 3.3.1a.

The B? term is the quadratic Zeeman effect and is written on its own as

B?e?

7z = 8me (ZE2 + y2) . (317)

Using 22 +y? = r? — 2% = 21 [Py(cos ) — Py(cos 0)] where Py(cos ) = 5 (3cos? 0 — 1)

and FPp(cosf) = 1 are Legendre polynomials,

B2e?
2= 12m,

72(Py(cos @) — Py(cos b)) . (3.18)

The total Hamiltonian including the quadratic Zeeman perturbation is then

g h? o? Ze?  B%e?

2 —
om, dreor 12mer (Py(cos ) — Py(cosb)) . (3.19)

Where the quadratic Zeeman term is treated as a perturbation. Using the ground

state wavefunction of hydrogen for Z = 2 for the 3He™ atom, the perturbation equa-
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(a) The ordinary Zeeman (b) The quadratic Zeeman ef- (¢) The cubic Zeeman ef-
effect fect fect
Fig. 3.3.1: The Zeeman effect energy splitting for each order
tion then reads
2 2 2.2 3 .
g 2 po)gw o (B po) (2 (3.20)
2m, dmegr 12m, Ta}

Where the Pp(cosf) term is zero since the problem involves spherically symmetric
S states'. This perturbation equation can be solved using the method of Frobenius,

where the form of /() is assumed to be of a power series.

PO =3 ayrie % (3.21)
=0
Inserting () into the perturbation equation the expression reads
R (1 Z - _zr B2e? Z3 _zr
2 (Zvrye 2 RO e ap — 2 _ g Z _eTa0 . (3.22
Me (2 " aor ]Z:;ajr ©r 12mer Wage o (3.22)

Performing the differentiation followed by a shift of summation indices the expression

a]} ri—? = — ( r? — E(l))

IThis can be proven by performing the necessary integrals with the Py (cos ) term included. The
result is that the Py(cos#) integral is 0

simplifies to

[Z

Qg

o0

>

Jj=0

73

3
ay

B?e?
12m,

JG+1)
2

m

= (3.23)

(

j—1aj 1 —

27



3. THE HIGHER ORDER ZEEMAN EFFECT

Using equation (2.32), E™M is found to be

EW = (3.24)

4Z2 7

2.2

Where 7? = £<.

The final expression before solving the recursion relation in the

3a
2 0
()

Grouping the powers of r from the LHS and the RHS of the equation produces a set

method of Frobenius yields

73

— .
Tay;

m
12h2

(3.25)

of recursive relations that need to be solved. After substituting the correct integers
for 5 for each equation it is seen that there are only two instances when the series
terms are non-zero. These terms are for j = 2 and 7 = 3. All other terms in the

series are zero and thus non-contributing. The solution for [1)(M)) is thus

Yt = Zajrje_% = agpe o+ agrie” “ + azrie” “ (3.26)
j=0
Plugging in the found values for a, and az yield
T 3 T a Z3 Zr
) — e 20 — Z° 2 M G (27 55 I 3.97
Y= ae 127127 Z2 A PETVAIE 7 R (3:27)

Currently, ag is still undetermined. It is found by imposing the orthogonality condi-

tion between ¥ and ™M

(@) =0 (3.28)

This orthogonality relation is a choice, and it not required by any law or rule. It
is necessary in order to compute ag and is only allowed to be chosen due to the
nature of the perturbation equation. It exploits the use of the Hermitian property
of the Hamiltonian that allows the operator to act to the left instead of the right.

Multiplying through the original perturbation equation given in (3.19) ensures that
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3. THE HIGHER ORDER ZEEMAN EFFECT

<If[ — E(O)) is zero, implying that any quantity can be can be added to ¥ and
the equation still holds true. Thus, we can add some amount to ¥(!) to ensure it

is orthogonal without breaking the equality. This is a subtle trick, but one that is

2

necessary to compute the full perturbed wavefunction®. The aq coefficient can thus

be determined by calculating the integral

00 s 2 Zg a2 a
0) 1Dy — 26ind lan— a2 /2" | %2 %0 3 92
(V) /0 /o /o r° sin (ao 2137 s {227’ + 3ZT }) (3.29)

78 s
x| S—e 2 dr d6 dg =0 .

And so qq is found to be

1im ,as |73
ag = — — s .
°T oum2? 74\ 7ad

(3.30)

Thus, the full first order correction to the ground state hydrogenic wavefunction

subject to an external magnetic field is

e — — = a 3.31
V=R i (3:31)

m ay 5 |23 Ea_g_@TQ 1,] _zr
AVASA 3

3.4 THE CUBIC ZEEMAN EFFECT

The following section discusses the main focus of this thesis, the Cubic Zeeman ef-
fect. While the linear Zeeman affect as well as the quadratic Zeeman effect have been
studied for hydrogenic systems, little is known about any higher order contributions.
This section investigates the combination of the magnetic dipole moment operator
and and the quadratic Zeeman effect to determine the relativistic effects of He™ that
when applied, reveal a contribution to the energy shift that is dependant on the cube

of the magnetic field strength.

2Further explanation of the Hermitian operator rule as well as imposing the orthogonality con-
dition is shown in Appendix .B
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The section starts out by first introducing the relativistic magnetic dipole mo-
ment operator (Qy) and discusses its properties and significance to the Zeeman
effect. Sec. 3.4.2 discusses the combination of the relativistic magnetic dipole mo-
ment operator with the quadratic Zeeman effect discussed in Sec .3.3 to calculate the
relativistic corrections to *He™. Accounting for both interactions gives a correction

to the energy splitting of *He* dependant on B3.

3.4.1 The relativistic magnetic dipole moment operator

The relativistic magnetic dipole moment operator represents the interaction of a mag-
netic dipole moment with an external magnetic field. It is described via the following

relation

3m2c?  12megmc?r

2p? Ze? -
Qw1 = i (1 P+ ‘ >6~B (3.32)

Where pp is the Bohr magneton

B eh
MB—2m

(3.33)

The second term in the brackets of the relativistic magnetic dipole moment opera-
tor accounts for the relativistic correction to the kinetic energy of the electron, and
the third term is the potential energy due to the Coulomb interaction between the
electron and the nucleus. The first term corresponds to the ordinary Zeeman Effect,

which does not contribute to the sum over states due to orthogonality.

The ordinary Zeeman effect contributes to Qa1 in *He™ because it has non-zero
spin due to the missing electron. For systems such as 3He, the ordinary Zeeman
effect will not contribute. The expression can be simplified in order to make the

perturbation being applied to the hydrogenic wavefunction clearer. Starting with the
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original expression

2p? Ze? .
= 1-— 7B 3.34
@ = ( 3mic 127r60m627“) 7 (3:34)

the first term can be pulled out of the expression, and the p? term can be written to

fit the form of the Hamiltonian

= -B -B. 3.35
@ = ppd - B+ 3mc? ( 2m * dmegr ’ (3:35)
Subsituting in the Hamiltonian H = % — % — 5% = H+ % the Q1 operator
becomes
- ~ 4Ze? Ze? -
Qi = ppé - B+ L2 (—ar - 22 1 2% V5. 5. (3.36)
3mc? dmegr  4dmeor

Simplifying the expression into 3 terms
Qur=ppé-B— -5 . BH - —2~—_5.B- . (3.37)

Substituting in the Bohr radius

— 4 /’I’B — A
— und-B—_-"B z. B B~
@ = o 3 mc? “ agm2c3r

G B. (3.38)

The relativistic magnetic dipole moment operator is then written as a perturbation
of 77! to the Hamiltonian. Now that the operator has been introduced, the total
Zeeman effect for the system can be derived. The total Zeeman effect utilizes not
only the electronic Zeeman effect discussed above, but also accounts for the nuclear
Zeeman effect. The Hamiltonian for the system now includes the standard definition,
the linear electronic Zeeman effect, the quadratic electronic Zeeman effect and the

ordinary nuclear Zeeman effect. This is described mathematically as

B?e

391h

N eh
Hy=—
27 9M

ar [é Gn % (%Qm + 2702 (P (cosf) — Pg(cosé’)))} (3.39)
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Inserting the Q1 operator into the equation yields

. M [gs. = 4 H n z B?
B-&N+<96-B<1—— >+ eQ)] (3.40)

—5—— r
m \ gr 3mcz  m2c? agr 3grh

. eh
A, =2
7= o9

The new Hamiltonian combines previously mentioned effects, and has terms linearly
scaling in B, as well as quadratically scaling in B. Several new factors have arisen
due to the inclusion of the nuclear magnetic moment such as g;, the nuclear g-factor,
gs, the electron spin g-factor, and M, the mass of the nucleus. &y is the nuclear
spin operator, which is analogous to the electron spin matrices &. It’s subscript is
maintained to help distinguish between the nuclear and electronic effects present in
the Hamiltonian. Traditionally, the nuclear contribution is ignored as its effect on
the system is significantly smaller than the effect present from the electronic terms.
The reason the nuclear effect is so much smaller than the electronic effect is because
its impact is supressed by the mass of the nucleus. Since the mass of the electron is
so much smaller the the nuclear mass, its impact is a factor of % stronger than the

nuclear effects.

The inclusion of the Q)31 operator in the Zeeman effect adds a linear scaling of
B to the overall energy of the system. This operator can be combined with the
quadratic Zeeman operator discussed previously to yield a relativistic correction to
3Het. This relativistic correction scales with B? and will be the primary focus of
this thesis moving forwards. The inclusion of this higher order Zeeman effect adds
a small correction to the Zeeman splitting which has since been unnacounted for in
high precision magnetometry. The perturbative effects of the relativistic magnetic
dipole moment operator is examined below and explores how it modifies the structure

of the Hamiltonian.

Within the Qa1 operator, it has been shown that the p? term can be written in
terms of the original Hamiltonian, there is not a need to perform a perturbation about

p? in order to receive the desired correction to the energy. Thus the perturbation
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equation for the (), operator is

Rz o = Z3 _zr
(HO — EO) g = (Mmg B+ E(l)) 1/ﬁe “w0 | (3.41)
0 0

Similarly to Sec. 3.3, the first order corrected wavefunction is assumed to be of the
form of a power series so that the method of Frobenius can be applied®. This gives a
similar result to the quadratic Zeeman derivation, but the inhomogeneous terms on

the right hand side of the equation now correlate to different powers of r.

>~ [z . i(j+1 . nz _ - m | Z3
j=0

Where EW) is defined by equation (2.32)

2 (Z\°, 5
EW = LB <—> G- B (3.43)

m2c2 \ ag

This gives the final result before the recursion relation step

—[Z,. JU+Y | e Z (1 ZN\ |2 4
E Z(i—-Daiqg — 22— | = 2 2 —0-B 3.44
, L_lo U Jaj-1 5 YT mc2ag \r @ Wagg ( )

The recursion relation is solved once again similarly to that of the quadratic Zeeman
perturbation, but this time only a single term in the series appears as nonzero. The

first order correction to the hydrogenic wavefunction for a % perturbation is

Zr Zr

T = age” w0 + ayre” o

(3.45)

The ag term is determined by the orthogonality imposed on the system once again

3Note here that a is the Bohr radius, not the zeroeth term in the sum. Similarly to the derivation
for the quadratic Zeeman effect, there is no ag term from the summation, and it is determined later.
The conflict in notation is avoided for now.
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3. THE HIGHER ORDER ZEEMAN EFFECT

and the integration yields*

3 Z3 -
2P |25 B (3.46)

ao = 5—51/ =3
2me? \ mag

Thus the final expression for the correction to the hydrogenic wavefunction for a

perturbation of the relativistic magnetic dipole operator is

L |73 7 _zr 3a
g = _HB o B[22 G (2% 3.47
me2’ Tag C_Loe i 27 r (3:47)

Now that the Q51 operator and the quadratic Zeeman operator have been success-
fully expressed as corrections to the Hamiltonian and its wavefunctions, they can be
combined to produce a higher order Zeeman effect scaling with B3. This combination

of Qy1 and H (22) is called the relativistic correction, and is discussed in Sec. 3.4.2.

3.4.2 The relativistic correction to *He™

Combining the relativistic magnetic dipole moment with the quadratic Zeeman op-
erator, the relativistic corrections for He* is uncovered. This is done using double
perturbation theory, where the operator V' and its expansion parameter \ correspond
to the quadratic Zeeman effect, and the operator W and its expansion parameter v

correspond to the relativistic magnetic dipole moment operator.
(Hy+ AV +vW) ¢ = EY (3.48)

Grouping in powers of A and v gives equation (2.48), where it is shown that the
cross term between A'v! produces a new energy correction F;;. This new energy

. e e . . . 2
correction serves as a relativistic correction denoted with C’r(el),

and is derived by

multiplying equation (2.48) through by (0|, giving a sum of two matrix elements

0531) = <¢0,0

V|o,1) 4 (o0l W i) - (3.49)

4Note that due to the conflicting notation, the Bohr radius is denoted as dp.
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3. THE HIGHER ORDER ZEEMAN EFFECT

Here, 1)1 corresponds to the first order correction to the wavefunction for the rel-
ativistic magnetic dipole moment operator, previously defined using ¥, and P10
corresponds to the first order correction to the wavefunction for the quadratic Zee-
man operator, previously denoted by (). Using the Dalgarno interchange theorem,
the sum of these two matrix elements can be expressed in two equivalent ways. Start-

ing with the relativistic magnetic dipole moment operator

Cr(jl) = 2(Yo,0lQ@n1|v10) - (3.50)

|910) s also written in equation (3.31), and the solution to Cr(fl) is now just an integral

00 T 21
B =2 [ [ [ s QuuoVaravas. (351)
0 0 0

expanding ¢! and ° and simplifying

2 2zr |11 1 =
cl = 3 QMBQ% re” o {2;3? C; 2—51“3 dr - B (3.52)
mc
Which after integration gives
2 3 yuB Gy, 3
Cr(el) =3 2—m02 Z—020 -B. (3.53)

It can be seen that the relativistic correction to *He™ includes a B? scaling. This
electronic effect further splits the energy levels of >Het when subjected to an external
magnetic field. The - B term ensures that the splitting is dependent on the magnetic
quantum number m, so the shift to the energy is a noticeable effect that further
increases the splitting between the states. This result is verified using the Dalgarno
interchange theorem via calculating the other valid representation for the operator

C? = 20,0V 0.1) - (3.54)

rel
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3. THE HIGHER ORDER ZEEMAN EFFECT

According to the Dalgarno interchange theorem, this expression for Cffl) should be

the same as the result found in equation (3.53). In integral form this reads

2 [ 7Y _zr — 3a _Zr
c® :__/ e T {—ﬂw} ¢ % drdfde . (3.55)
0

rel 3 ag mec 2Z

Which becomes

-
@ _ 3 oHB Gy, 7
Orel = —Z’y _mcz —ZQO' . B . (356)

Thus it has been proven via the Dalgarno interchange theorem that all previous cal-
cualtions have been correct, and the relativistic corrections for any hydrogenic wave-
function have been successfully derived. The expression is then written by replacing

& - B with its eigenvalue

B gsmy . (3.57)

Replacing the Bohr radius with its definition

5.2 2
2 6h EgT 3

rel — —mB gsms . (358)
Which has units of energy. mg denotes the magnetic quantum number, which can take

values of i%. From this, the further splitting of energy states based on magnetic field

strength is evident. The relationship behaves like the splitting shown in figure 3.3.1c.

3.5 RESULTS

This section discusses the numerical results obtained from the calculations of the
relativistic correction to *He™ for various magnetic field strengths. The results will
highlight the significance of the B? term in accounting for the energy level splitting
at low and high magnetic field strength.
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3. THE HIGHER ORDER ZEEMAN EFFECT

The derived relativistic correction to any hydrogenic wavefunction is
B gsmy . (3.59)

Where the solution can be easily adapted to any atomic system with one electron
by substituting in the desired nuclear charge Z. For a system with a muon or tau
particle in replacement of the electron, the electron g-factor g, can be swapped for
the desired g-factor of the spin—% particle. Since this thesis is mainly concerned with
3He™, the result becomes

3 hPe2r2

2) _ 3

The effect and its impact is shown in figure 3.5.1 and the result is also expressed

Higher-order Zeeman Effect Corrections

3
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Fig. 3.5.1: The Zeeman splitting including all smaller corrections for B = 07 to

B =50T. It can be seen that the higher order effects are sufficiently small, and the
linear effects still dominate.
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3. THE HIGHER ORDER ZEEMAN EFFECT

numerically for any magnetic field strength and spin :t% as

) = 71.677937685(16) x 107 . B* . (3.61)

T

Which has units of joules per tesla cubed [J - T~%]. Written in Hz at 1T

C?) = 2.532327297(39) x 107° Hz. (3.62)

rel

Comparing to the result at the Max Planck institute in Germany, a magnetic field
strength of B = 5.7T is substituted for B3

C® = 3.107423136(16) x 1077.J . (3.63)

rel

Or, written in Hz

' = 0.000468969(39) Hz. (3.64)

rel T

The accuracy of the high precision magnetometer at the Max Planck Institute has
an accuracy which is approaching the sub ppb level, with most recent accuracy re-
ported as £0.26Hz [35]. This calculated value is right on the cusp of an observable
phenomenon, and will need to be accounted for if the accuracy of the experiment

increases by only 2 orders of magnitude.
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CHAPTER 4

Concluston and Future Work

4.1 OVERVIEW

The final chapter of this thesis begins with concluding remarks in Sec. 4.2, where the
significance and practical impact of the higher order Zeeman effect is discussed. A
summary of the work is also provided, restating the solution process. The impact
of the result is stated and compared to the ongoing experiment at the Max Planck
institute in Germany, where the correction is compared to their current results’ un-
certainty. Sec. 4.3 then dicusses the future applications of this work, as well as any

extensions to the work presented thus far, and concludes the thesis.

4.2 SYNTHESIS OF CONCLUSION

This thesis first began by introducing the Zeeman effect, building the total effect
by introducing the known contributions from the canonical momentum, spin interac-
tion, nuclear interaction, and the relativistic magnetic dipole moment operator. It was
shown that the using the canonical momentum in the non-relativistic Hamiltonian
produced both a term linearly dependant on magnetic field strength and dependant
on magnetic quantum number, and a term that is dependant on the square of the
magnetic field strength, not dependant on the magnetic quantum number. The lin-
ear term was successfully shown to contribute to the overall linear Zeeman effect,
and it was discussed that the quadratic Zeeman effect does not contribute to further

splitting of the energy levels. The spin interaction was then shown to contribute
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4. CONCLUSION AND FUTURE WORK

another term linearly dependant on the magnetic field strength with a dependance
on magnetic quantum number, which was combined with the contribution from the
canonical momentum to yield the standard linear electronic Zeeman effect. Next,
the relativistic magnetic dipole moment operator was introduced which displayed an-
other dependance on magnetic field strength arising from the relativistic corrections
to the atom. The combination of all the aforementioned terms yielded the total
linear electronic Zeeman effect. After the full electronic contribution was stated,
the nuclear Zeeman effect was introduced, which is a factor of % smaller than the
electronic effects due to the difference in mass of the electron and the proton. The
synthesis of all of these effects gives the current understanding of the total Zeeman
effect. Using double perturbation theory, both the quadratic Zeeman effect and the
relativistic magnetic dipole moment operator were perturbed and expressed as two
individual power series expansions. The second order double perturbation equation
then yielded a cross term between the two effects, which was expected to be of order
B3, and contain a dependance of the magnetic quantum number. The perturbation
equations were then solved using the method of Frobenius and their solutions were
verified with the Dalgarno interchange theorem. A higher order Zeeman effect which
further contributes to the splitting of spectral lines was then successfully synthesized

for a ground state hydrogenic wavefunction.

The relativistic correction to *He* is found to be a contributing effect at 1T at the
micro-Hertz level, but becomes increasingly more impactful at higher magnetic field
strength. By the B = 5.7T level of strength, its contribution already approaches the
milli-Hertz level, which is just below the detectability of cutting edge magnetometers
such as the one present in the German experiment. Approaching higher magnetic
field strength, the effect becomes increasingly important in high energy physics and
the study of astrophysical bodies. The largest magnetic field ever constructed on
Earth was 45.57 [23], in which the cubic Zeeman effect contributes at the level of
Hz (lel) = 0.238536051(39) Hz), which is large enough to impact the uncertainty of

the highest precision magnetometers. Increasing field strength further, astrophysical
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4. CONCLUSION AND FUTURE WORK

objects such as neutron stars can reach magnetic field strengths exceeding 10° — 10T
[31]. Here, the higher order Zeeman effects certainly are required for accurate analysis,
where a neutron star with a magnetic field strength of 10''7T has a correction of

2.53232729(39) x 10* Hz.

4.3 FUTURE WORK

There are many areas of extension that are possible within this work. The first natural
continuation to this result is to calculate the effects to higher order. Accounting for
a second order perturbation for both the quadratic Zeeman effect and the relativistic
magnetic dipole moment operator would provide a higher accuracy to the overall cubic
Zeeman effect, contributing small, but important effects. This calculation would
include higher order transitions including s and d states which arise naturally by
including the total expression for the quadratic Zeeman effect, which was written in
terms of Legendre polynomials P, and Fy. The first order perturbation equation only
contains the Py term, since in a ground state hydrogenic wavefunction, all s states are
spherically symmetric. Additionally, future work can be done by analyzing *He, since
the result from *Het can be treated as a first-order approximation to that of 3He,
with electron-electron interactions introduced as perturbative corrections. The link
between the result from 3Het and the first order approximation for 3He is described

mathematically by the following perturbation equation
H(*He) = H(*He™) + A\H'(e —¢) . (4.1)

This opens the door for the analysis of high-precision Zeeman effects in not only
single electron systems, but in 2-electron systems as well. This provides the ability to

further study the behaviour of spectral line splitting in many body atomic systems.
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APPENDIX A

Derivation of the Recursion

Relations

The aim of this section is to guide the reader through a more in depth derivation
of the recursion relations for the quadratic zeeman effect as well as the relativistic
magnetic dipole operator perturbations to the Hamiltonian. Starting with the first

order perturbation equation
(H* = E°) [0') = = (V- E') [¢%) (A1)
E! can be found by multiplying through by (/°|
WO H® = B°lph) = =PIV — EM[y°) . (A.2)

The first term is 0 due to the orthogonality of states which is imposed and discussed

in Sec. 3. The expression now reads

- WOV - B = 0
WOV = (OB )
WOV = B

So
E' = @°|V]g°) . (A.3)
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A. DERIVATION OF THE RECURSION RELATIONS

For the r? perturbation, one gets

92Z3¢ % Bl , 27%¢ %
/ // rsm@ ¢ g r? e; dr df d¢

Zr
o 73, —25= B2e2
E' = 47r/ — - ¢ rtdr
0 agm  12m

o 2B A
3ma} (?_lf)

o B?*e*a?
472m,

Here, we let % = 12 [26], and we end up with the final result for E! to be

a
E' = I Z°2 72 (A.4)

The perturbing potential V also is written in terms of v2

B%*? , 1
— S A5
m 127 r* (A-5)

Assuming that [i!) is of the form of a power series

o
Zr

1/;1 = Zajrjeia (AG)
=0

and substituting both E' and |¢!) into the perturbation equation

: 1 as | Z3 _z
- EY) Za e a0 = (EnyrQ — éf) af;—we a0 (A7)
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A. DERIVATION OF THE RECURSION RELATIONS

Substituting the Hamiltonian

m 2ag = may ‘= = 2 J
VAN 1 3a? 7Z3
= il =22 270 =
mag 4= " 127 (T ZQ> Tay

Since E° = Z;, the first term is zero and the equation becomes

z3 o, , 3al
X | —= -—.
7TEL37 (T Z?

Performing a shift of summation index to group all of the summations together

i {Z(j —Daj — w% s L (7"2 3&‘%) 2z (A.8)

2 —_— —
1212 72 )\ 7@
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A. DERIVATION OF THE RECURSION RELATIONS

Which is equation (3.23) in Sec. 3.3. Writing out the first few recursion relations by

grouping the powers of r together

. Z
Jj=0 ——a_1 =0 a_1 =0
Qo
Jj=1 —a; =0 a; =0
9 Z 5 m_ ,3ay | Z3 m_ ,ay | 723
= —ay — 3ay = — ag = —
J 2,80 = o nad 2= ") 72\ wa

, 27 m o | Z° ,
-3 2 —6as =0 —
J a2 0™ A FETA
3Z m z3
) =4 —ag — 10 =0
J ao s = 127127 \/ wag “

]:5 4Z4—15CL5:0 a5:0

It is clearly seen above that all other cases of a; must be zero after j = 3. The
recursion relation has been solved and a closed form solution for [¢)!) can be written
in terms of a power series in r using ag, as, and as. ag is an undetermined coefficient
here that does not appear in the recursion relation. it is determined by imposing the

normalization condition which is shown in Sec. 3.3.

The identical process is carried out for the relativistic magnetic dipole moment
operator perturbation, with the only difference being that the perturbing potential has
changed. No operators act on the perturbing potential throughout the perturbation
expansion, so the result will remain the same as in the example above. Applying
the same process the first order correction to the wavefunction for the relativistic

magnetic dipole moment operator is

(o) e/ .
Z jG+1) - _psl* Z , =1 N\ m [ Z3
“1ajq — | 2= BB 2 (A9
Z [ao J -1 9 YT - m2c2 aoa T 1202 \| ma} (A-9)

Jj=
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A. DERIVATION OF THE RECURSION RELATIONS

E' is determined in the standard way!

Zh?
aom2cr

Zr Zh2 — Z3 _4r
E' = / / / r?sin 6 —e W p——7p—50-B —3¢€ §O dr df d¢
apgm?2c?r ay

00 3 —2Zr ZhZ 5
E1:—47r/ r B o-Bdrdfdp
0

E' = ({°] — pp= G- Bly°)

Tag apm?c?

Auph® (ZN\', 5 [
E' = ——'uf 5 (—> g- B/ re 22" dr
m2c? \ ag 0

duph? (Z\*'. =
pr = _dnsh <—> - B

m2c2 \ ag

2 2
g kel (Z) - B

m2c? \ ag

So the final expression for the recursion relations for the relativistic magnetic dipole

moment, operator is

=17 S+ T e ms 2 (1 2\ [25 .
2o g dUHD e S_2) L5 B (A0
Z |:C_LO (7 )1 2 a|r mc2 a ap \r Qo wag 7 ( )

J=0

'Note that ag here is for the Bohr radius. ag is also the zeroeth term in the summation, but the
form of the summation here dictates that there is no ag term present.
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The series converges after 7 = 1, as shown below.

j=0 —Za_1 =0 ay =0
Z |73 —» Z |73 =
j:l —CLl:M—BQ_— —_30_"B Cle—M—B2_— —_36"B
mce ag Tay mce ag Tay
72 |73 .
j:2 _—a1—3a2:_ﬂB2__2 __30_:B a2:0
ag mce ag Tay
Z
j:3 2_—CL2—6G3:0 CL3:O
Qo
Z
7 =4 3—as — 10ay =0 as =0
Qg
Z
j:5 4_— —15a5:O (Z5:0
Qo4

Thus the recursion relations for the relativistic magnetic dipole moment operator
and the quadratic Zeeman operator have been solved, and thier respective first order

corrections to the hydrogenic wavefunction have been calculated.
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APPENDIX B

Left-acting Operators

This section contains the proof for the ability of hermitian operators to act to the left

as well as to the right. The specific case discussed here uses the Hamiltonian, but

this can be similarly shown for any hermitian operator. Given the matrix element

(W|H|g) = / @) Ho(e)dr
(6|H|6) = / v (@)~ in g

applying integration by parts gives

* o dyr(x)

WIH16) = [0 @@=, ~ [~ D o(a)da

o0

wiio) = [~ ™ g

Which is the same as writing

(0|H|¢) = / " (@) H ()de

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

So it is shown that the Hamiltonian is capable of acting to the right or to the left,

and it is up to the user which way they want to apply the operation.
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APPENDIX C

Spectal Functions

C.1 OVERVIEW

This section of the appendix discusses the special functions used throughout this
thesis, providing their definitions and properties in greater detail than discussed in
the main body of this paper. The introduction to these functions is brief, and are
placed here for convenience of the reader. Sec .C.2 introduces the gamma function
and its properties, and its use in providing a closed solution to many of the integrals
present in the matrix elements discussed in Sec .2.4 is highlighted. Sections C.4
and C.5 introduce the Laguerre polynomials and the spherical harmonic function
respectively, which are key to the solution of hydrogenic wavefunctions used in this
thesis. Additionally, the confluent hypergeometric function is discussed in Sec .C.6,
where an alternative formulation of the radial wavefunctions for hydrogen is given.
Finally, the chapter concludes with the description of Legendre polynomials, which
can be used in a similar manner to the spherical harmonics due to their property of

forming a complete set of orthogonal functions.

C.2 THE GAMMA FUNCTION

The gamma function I'(z) is an extension of the factorial function into the complex

plane.
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For the case where the input parameter z € Z*, the function is equal to [6]
I'(n)=(n—-1)". (C.2)

This is a relation of key importance in Sec. 2.4.2, where the radial integral is replaced

with a factorial function for positive integers of j in the sum.

The gamma function also has an integral definition, which is known as the Euler

integral
['(z) = / e ' dt, Re(z) > 0. (C.3)
0

This integral is defined as long as the real part of z is greater than zero. This integral

closely resembles the radial integrals present in Sec. 2.4.2, which are of the form
[radial :/ rjeiardr (C4)
0

To fit the gamma function, perform a change of variables ¢t = ar, dt = adr.

<\ 1
[radial = / (_) eit_dt (C5)
0\« a

1 <
Liagial = Oéj—H/(; te " dt (C6)

So the solution to the radial integral is shown to be

['(G+1)
i

(C.7)

I radial =

if 7 € Z", the relationship between the gamma function and the factorial function
can be used. The values of j are the summation indices for each power of r'. Since

the summation indices are constrained to a set of integers from 0 to infinity, it can

1See sections 3.3 and 3.4.1 for the summation expressions for each.
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be said that
Vi, i e Z0F (C.8)

Additionally, the 0" power of 7 (corresponding to j = 0) does not appear in the
recursion relations of the expanded sum in 3.4.1, and is zero in 3.3. This further

restricts the set of 7 indices in both problems to
Vj5,jeN (C.9)

Since the set of natural numbers only contains positive integers, the euler integral only
evaluates values for positive integer j. The gamma function by its original definition
is then replaced by the factorial function, giving the solution to the radial integrals

used in sections 2.4.2, 3.3 and 3.4.1.

Gamma Function

10°

10°

10°

Fig. C.2.1: Graph of the gamma function compared to the factorial function.
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C.3 LEGENDRE POLYNOMIALS

The Legendre equation is
(1 —a*)P"(x) — 2zP'(z) + AP(z) =0 . (C.10)

This differential equation can be solved with a series solution about z = 0 and has a
radius of convergence of 1. If A has the value [({+1), where | € Z, the series truncates

after z!. The series solution to this ODE is
gz, t) =) Px)t! (C.11)
1=0

Where g(z,t) is the generating function which produces the possible solutions to the
Legendre Equation. Each solution to the Legendre equation generated by g(z,t) is
called a Legendre polynomial. These polynomials can be produced with the following

equation

(21 — 2k)!

(= )kZ"k!(n —B)(n— zk)!ka (G-12)

where |z is the floor function, which rounds down to the nearest integer value. This
formulation is of key importance for programmed implementation, since a discrete
formula is simple to compute. A more helpful definition of the Legendre polynomial

comes from the Rodriguez formula [6]

Po(z) = — (d)n(gﬁ—m (C.13)

= ol \ dz

This formulation is much more useful for analytical work. The first few Legendre
Polynomials are given below Another key feature of the Legendre polynomials is that
they form a complete set of orthogonal basis functions, meaning that for each value of

[, the associated Legendre polynomial is orthogonal to all other Legendre polynomials
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Legendre Polynomials

C. SPECIAL FUNCTIONS

Table C.3.1: Table of the first few Legendre Polynomials

with different (.

1
2
/_1 P(x)P/(x) = m%’

(C.14)

The Legendre polynomials appear in the angular part of the solution to hydrogenic

First Few Legendre Polynomials

Fig. C.3.1: Graph of the first few Legendre polynomials

wavefunctions as discussed in Sec. 2.4.1. They are also incorporated into the spherical

harmonic function discussed in Sec. C.5.

53



C. SPECIAL FUNCTIONS

C.4 LAGUERRE POLYNOMIALS

The Laguerre ODE is

vy (x) + (1 = 2)y'(x) + ny(z) =0 (C.15)

which has unique solutions which are known as Laguerre polynomials. These poly-

First Few Laguerre Polynomials

Ly,(x)

Fig. C.4.1: Graph of the first few Laguerre polynomials

nomials can be generated given the following formula

(&

Lo(z) = & (%)n (2"e™®) . (C.16)

Sl

Where the generating function g(z,t) is given by [6]

e’ e ed-9 -
£ = dz = =N L (o)t C.17
sat) = 5= ¢ s= =Y ) (1)

271 Z2—x—tz

Similarly to the Legendre polynomials and spherical harmonic functions, the Laguerre
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C. SPECIAL FUNCTIONS

Laguerre polynomials

23492218246
3!

_ z*—162347222—962+24
= b

Table C.4.1: Table containing the first few Laguerre polynomials

polynomials also form a complete set of orthogonal basis functions.

/00 Ly(x) Ly (z)e™ dx = Oy, (C.18)

The Laguerre polynomials are used to described the radial part of the solution to

hydrogenic wavefunctions, as discussed in Sec. 2.4.2.

C.5 SPHERICAL HARMONICS

Spherical harmonics appear most commonly when solving Laplace’s equations in
spherical coordinates. It is composed of the Legendre polynomials with an additional

phase about the azimuthal angle ¢ [32]. Laplace’s equation is
V2f(r,0,¢) =0 (C.19)

The solution to this equation is separable, so the angular part of the solution can be

written as a product of two functions

0(0)d(¢) = P (cos(8))e™ | (C.20)
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C. SPECIAL FUNCTIONS
The product of these two angular functions is called the spherical harmonic function,
it is denoted by
Y™ (0, ¢) = P™(cos())e™ . (C.21)
Where P! (cosf) is the associated Legendre polynomial, which is related to the stan-
dard Legendre polynomial by

m d"
2

dz™

PM(x) = (-1)"(1 —2?) (Fi(x)) (C.22)

The spherical harmonic functions for a complete set of orthogonal basis functions

27 T
|| ooy 6.6)800 = b (C.23)
0 0

The spherical harmonic functions play a key role in the solution to the angular part

Spherical harmonic functions

Y9(0,0) = /%

VL0, ¢y = (/2 cos b YN0, ) = Fy/ 2 sin feti?

Y2(0,0) = /72=(3cos?0 — 1) Y57 (0,0) = F\/ 2 sinfcoshe=®  Y;(0,¢) = /5= sin® fe2¢

Table C.5.1: Table of the first few spherical harmonic functions

of the hydrogenic wavefunctions in the derivation of the quadratic Zeeman effect and

the relativistic magnetic dipole moment operator.

C.6 CONFLUENT HYPERGEOMETRIC FUNC-
TION

The confluent hypergeometric function is a special form of the standard hypergeomet-

ric function. The confluent hypergeometric functions are produced from the solution
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to the differential equation
zy" + (c—x)y —ay=0 (C.24)

where there are two possible solutions

azx _i_a(oz—i—l);zc2
cll " elc+1) 2!

yo(z) =2 °M(a —c+ 1,2 — c;1) . (C.26)

yi(x) =14 M(a,c;x) (C.25)

The function M(a,c;z) is called the confluent hypergeometric function [32]. It can

also be described by the following integral

M(a,c;x) = %/{) et (1 — ) dt, (C.27)

which converges so long that ¢ > a > 0. The confluent hypergeometric function is a
more generalized version of many of the special functions discussed in this chapter,
and depending on the choice of a and ¢, are capable of producing the other special
functions. For example, the Laguerre polynomials can be expressed in terms of the

confluent hypergeometric function as

M(a,b;x) = %LZ‘I(@ . (C.28)

Lb~1(x) is known as the associated Laguerre polynomial, and is related to the standard
Laguerre polynomial discussed in Sec. C.4 by

kdk

IA@) = (=1 Lua(e) (C.29)

In the relation given in equation (C.28), &k = b— 1, and n = a. The confluent
hypergeometric function is used to represent the radial solutions to the hydrogenic

wavefunctions discussed in sections 3.3 and 3.4.1.
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APPENDIX D

Methods of solving for
higher-order perturbations

programmatically

This section serves as a reference to the codes implemented to solve higher order
perturbations for the quadratic Zeeman effect and the relativistic magnetic dipole mo-
ment operator. The codes can be found on the authors GitHub page at epetrimoulx/Higher-
Order-Zeeman-Effect. The code is designed such that the order of the perturbation
being considered is decided by the user. The first and second order perturbation

equations look like

(H = E°) ") = (V - E") [¢°) (D.1)
(H® = E°) [¢?) = VI') + E'[¢') + E*|¢°) (D.2)

The second order perturbation equation is dependant on the answer for 1)) from the
first order perturbation equation. However, if the second order solution is expressed

in terms of the first order solution

(H— %) [4?) = (V — BY) (H° — B EO®) + E2¢%) . (D3)
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D. METHODS OF SOLVING FOR HIGHER-ORDER PERTURBATIONS PROGRAMMATICALLY

This can be treated as just solving the first order equation again but with a modified

inhomogeneous term on the RHS of the equation.
(HO = E°) [4") = F(V, ") + B"[0°) . (DA4)

This “folding” of the perturbation equation at higher order onto itself using the
previous solutions from the lower order equations allows for the iterative calculation
of higher order perturbations. The main issue with this strategy is that the equations
become too long for any human to do by hand, but computationally, this can be
calculated to n'® order easily so long that the user carefully accounts for higher order
contributing states such as the d-states which arise in second order perturbations of

r,
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