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Hydrogenic Atoms

e Uncertainties here limit what can be achieved for more complex systems.

e For hydrogen, the Schrodinger (or Dirac) equation can be solved exactly,
and so uncertainties come from QED corrections and the effects of finite
nuclear size and structure.

e Relativistic corrections can be expressed as an expansion in powers of
(aZ)?, and summed to infinity by solving the Dirac equation.

e QED effects (self energy and vacuum polarization) can be written as a dual
expansion in powers of aZ and «, but cannot be summed to infinity.

Etotal = ENR + AEe, + AEQeD

where Eyp is the nonrelativistic energy, and (in atomic units)

rel. rel.

ABe = o*Z'[EQ + (a2)'EQ + - |
AEgep = o*Z'|In(aZ)Egeg + Egeg + O(aZ)? + Ola/x)

e QED Terms are known in their entirety up to O(a’Z°), and so the un-
certainty is of O(a®Z7") (at least in the low-Z region), or a few kHz for
hydrogen 2s state [K. Pachucki and U. D. Jentschura, Phys. Rev. Lett.
91,113005 (2003)].

e The proton size discrepancy of 0.84 fm (muonic) — 0.87 fm (electronic) also
corresponds to an energy discrepancy of 3 kHz for the 2s state.



High-Z Hydrogenic lons

e There has been considerable progress in summing the aZ binding energy
corrections to infinity [A. Gumberidze et al., Hyperfine Interact. 199, 59
(2011)]. For U+ the Lamb shift is
464.26 + 0.5 eV theory
460.2 +=4.6 eV experiment.

e For excited s-states, the Lamb shifts and uncertainties scale approximately
as 1/n® with n and Z% with Z. These uncertainties place a fundamental
limit on the accuracy of atomic structure computations.



Methods of Theoretical Atomic Physics.

Method

Typical Accuracy for the Energy

Many Body Perturbation Theory
Configuration Interaction

Explicitly Correlated Gaussians?®
Hylleraas Coordinates (He)>*

Hylleraas Coordinates (Li)4

> 1076 a.u.

1076 - 107% a.u.

~ 10719 a.u.
<107 — 1070 a.u.

~ 1071 a.u.




Relativistic Corrections
Nonrelativistic Energy: 1/Z Expansion

Eng = B\ 7% + E\QZ + B+ -+

Relativistic Corrections: («Z)* and 1/Z Expansions

Ere| — E(2,4)052Z4 + E(476) + s

rel rel

+ E(2’3)062Z3 + L.

rel

Cross-over point: E\a ~ E@¥a2Z3 when o223 ~ 1, or
7 ~1/a?? ~ 27

Two Strategies

e / < 27. start from the nonrelativistic Schrodinger equation and treat
relativistic effects as a perturbation. Uncertainty dominated by relativistic

(and QED) corrections.

e 7/ > 27: start from the Dirac equation and treat electron correlation ef-
fects as a perturbation. Uncertainty dominated by electron correlation

corrections.



Current Status for Helium

e Nonrelativistic Energy: Essentially exact
e Relativistic and QED Corrections:

— o Breit interaction: essentially exact
— o QED terms: essentially exact

— a* Douglas and Kroll terms: essentially exact but complicated oper-

ators [recently completed by Yerokhin and Pachucki PRA 81, 022507
(2010)].

— o® QED terms: can be estimated from the known hydrogenic terms.

e Final uncertainty: +36 MHz for the ground state ionization energy of
helium. This scales roughly as 1/n? with n and Z° with Z.



High-Z Heliumlike lons

e Start from the Dirac equation and use all-orders methods to sum relativistic
and QED effects to infinity.

e Dominant source of uncertainty comes from the combined effects of electron
correlation and relativistic effects: leading order (aZ)*.

e Final uncertainty for n = 2 is approximately (Z/10)* cm™! or £0.9 eV for
U9+,

e This is an order of magnitude larger than the one-electron QED uncer-
tainty.



Three-electron Atoms

e High precision variational calculations in Hylleraas coordinates are still

possible, but the basis sets become much larger (30,000 terms instead of
3000 terms).

e Accuracies are more limited, but spectroscopic accuracy is still possible.

e Only the ground state 15225 2S5, and a few excited states have been calcu-
lated in any detail.



Many-Electron Atoms

e Because of difficulties in calculating integrals in fully correlated Hylleraas
coordinates 119793734 - - -, no calculations have been done for more than
three electrons.

e General methods of atomic structure are needed.

Hartree-Fock ( Relativistic Hartree-Fock or Dirac-Fock )

. RCI RMBPT

Low-Z Z ~ 27 High-Z

Important progress by
M.S. Safronova et al. Phys. Rev. A 90, 042513, 052509 (2014), and
B.K. Sahoo et al. Phys. Rev. A 83, 030503 (2011).



Methods to Estimate Uncertainties

e Study convergence as more configurations (or excitations) are added (SDTQ - - ).
e Compare different methods of calculation.

e Compare with benchmark calculations of higher accuracy, or experimental
data.

e Use internal consistency checks, such as length /velocity forms for radiative
transitions.

e Estimate order of magnitude for higher-order terms not included in the
calculation.



EQUILIVENT NONRELATIVISTIC OPERATORS

Objective: Find equivalent nonrelativistic operators whose expectation val-
ues w.r.t. nonrelativistic wave functions give the same results as relativistic
operators up to a given order in powers of aZ. Called NRQED in the litera-
ture.

Once the operators are known, they can be applied to many-electron wave
functions.

Two sources of terms:

1. Nonrelativistic reduction of the Dirac equation. The Foldy-Wouthuysen
transformation provides a general procedure for transforming away the
contribution of the small component of the Dirac wave function (see for
example Messiah, Quantum Mechanics Vol. II. For example a power-series
expansion of E = (¢?p? + m?c)'/? yields

2 4

_ 2, P p
E =mc +2m+8m302+”' (1)

In addition, the F.W. transformation yields the spin-orbit interaction and
a o-function term that is characteristic of the Dirac equation.

2. The electron-electron interaction, including dynamical effects due to the
motion of the electrons corresponding to the Feynman diagrams

B D B C

A C A D

A systematic evaluation of the Feynman diagrams yields the Dirac relativis-
tic form of the Breit interaction (see Akhiezer and Berestetskii, Quantum
FElectrodynamics, Sect. 38.1, and the Sharcnet Notes Dirac equations 1 and
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Relativistic 3.3-5.4)

2 2
: Qo T
12 2719 T19

Finally, use x = (o-p/2mc)¢ to eliminate the small components in favour of
the large components.

BREIT INTERACTION OPERATORS

The leading order relativistic corrections of order a? Ry, including the rela-
tivistic recoil correction of order (m./M)a? Ry, are calculated by first-order
perturbation theory

AVIRES <\IIJ‘Hrel‘\IJJ>> (3)

where U is an eigenfunction of the nonrelativistic Hamiltonian (??) and H,q
is the relativistic correction operator defined by

Me 1%
Hy = Bl+BZ+B4+B3Z+BSe+Bss+M(A2+A3Z)

4 2 Me ~
2B —Bso + —Bser + 2B — Asy, 4
+7< 3z+3 3+3 3ey T >+7M 37 (4)

with v = «/(27) — 0.32847(a/m)? + ---. The terms containing + are the
corrections due to the electron anomalous magnetic moment. In the above
equation,

2
B, = —Oé (Vi+ V34 V3), variation of mass with velocity (5)
a? 3. [1 1 . .
Bg = — Z —VZ : v]‘ + —3rij . (I‘Z‘j . VZ)VJ , orbit-orbit (6)
2 =5 |rij T3
Z 3 3 8
By = ma? { Y 6(r) — D> (14 =s; - sj)é(rij)] , Dirac terms (7)
20 i~ 3
Za* 3.1
Bsy = ; > T X p; - 8;, spin-orbit (8)
i=1T;
a? 3.1
Bs. = — > —5Tji X p; - (8; + 2s;), spin-other-orbit 9)
2 5T
| 1 3 . :
BbS = Z 73(82' : Sj) — 75(1'2']' : si)(rij : Sj) , Spln-spin (10)
i>j L[Tij Tij
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3 L
Ay Z p V;+ =r;-(rj-p)V;|, Stone rel. recoil (11)
=1 )
3
= Z —3 , X P - s, Stone rel. recoil (12)
a2 3 1
B3ey = — > —5Tj X pi - (si —s;), anom. Mag. moment (13)
2 iz T

with p = p1 + p2 + Ps.

Terms involving the singular terms (r;;*), (r;;*) and (r;®) involve significant
computational challenges. See L. M. Wang, Chun Li Z.-C. Yan, and G. W.
F. Drake, Phys. Rev. A 95, 032504 (2017).

1 Leading-order QED corrections

3

The leading terms or order o a.u. (or a®mC? can be written in the form

Eqep = ErL1 + Enm1 + Er1 + ELp (14)

where

e Fp 1 is the mass-independent part of the electron-nucleus Lamb shift (the
Kabir-Salpeter term [?]),

e [\ contains mass scaling and mass polarization corrections,
e Fr; contains recoil corrections (including radiative recoil),

e Fyr 5 is the electron-electron term originally obtained by Araki [?] and
Sucher [?].

For example,

4703 (56 (r;)) ¥

Epq. = 5

{ln(Za)_2 — B(nL)+ ;1;3} (15)
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This is the same as the corresponding one-electron case except for the Bethe
logarithm term §(n L) for the two- or three-electron case, the replacement

as the overall multiplying factor.
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Drake & Morton
(2006)
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Theoretical contributions to the 1s?2s 25 —1s?3s 25 transition energy (cm™!)
of “Li [Yan & Drake 2008, Puchalski et al. 2010], and comparison with exper-
iment [Sanchez et al. 2006]. p/M =~ 7.820 x 107 is the ratio of the reduced
electron mass to the nuclear mass for an atomic mass, and a ~ 1/137 is the
fine structure constant.

Contribution Transition Energy (cm™!)
27 206.492 847 9(5)

Infinite mass

/M -2.295 854 362(2)
11/ M)? 0.000 1659774
o 2.089 120(23)
o /M ~0.000 003 457(9)
% ~0.18703(26)
/M 0.000 009 74(13)
o (Est.) ~0.0057(6)

o’ (Est.) 0.000 52(13)
Nucl. size ~0.000390(10)
Total 27 206.093 7(6)
Exp't. [7] 27 206.094 082(6)
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