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REVIEW: WAVE FUNCTIONS

Recall that with a doubled basis set, the wave function has the form

Ψ = c0Ψ0 +
i+j+k≤Ω∑

ijk

c(A)
ijkφijk(αA, βA)︸ ︷︷ ︸

A-sector

+ c
(B)
ijkφ(αB, βB)︸ ︷︷ ︸
B-sector

 (1)

where Ψ0 is the screened hydrogenic term and the basis functions φijk(α, β)
are defined by

φijk(α, β) = ri1 r
j
2 r

k
12 e

−αr1−βr2 YM
l1,l2,L

(r̂1, r̂2)± exchange (2)

The parameter Ω = (i + j + k)max controls the size of the basis set. The
nominal number of terms in each sector is

N =
1

6
(Ω + 1)(Ω + 2)(Ω + 3) (3)

1



OPTIMIZATION OF NONLINEAR PARAMETERS

The four α’s and β’s are determined by calculating analytically the the deriva-
tives ∂E/∂αp and ∂E/∂βp, p = A,B, and finding the simultaneous zeros by
Newton’s method. The optimization producers a natural separation of the
basis set into two distinct sectors with different distance scales, as illustrated
in the following diagram for the 1s2p 1P state of helium:

Key Points:

• αA and βA are nearly constant, independent of Ω. These define the long-
range asymptotic A-sector of the wave function.

• αB and βB increase roughly linearly with Ω. These define the close-range
highly correlated B-sector of the wave function.

2



• It is essential for the linear increase in αB and βB to continue in order to
avoid computational linear dependence and loss of significant figures in the
basis set.

• Note that the function rΩ e−αr peaks at a constant distance rmax if α =
Ω/rmax. Thus the linear increase in αB and βB corresponds to a B-sector
that peaks at a constant distance rmax from the origin, while the A-sector
spreads outward with increasing Ω.

• Doubling of the basis set is only effective for Ω ≥ 4. The basis srt must be
sufficiently large!

Convergence Study for the Ground State of Helium

The following table presents a convergence study for the ground state of he-
lium, and comparison with other calculations.

Key Points:

• Other calculations are more accurate, but at the expense of using multiple-
precision arithmetic. For example, the 40-digit calculation of Nakashima
and Nakatusji required 120-digit arithmetic and much larger basis sets.
Schwartz’s calculation required 104-digit arithmetic. Both included log-
arithmic terms and half-integral powers, thus making integrations more
difficult.

• The present results with double basis sets are accurate to 21-digits and
required only standard quadruple precision arithmetic (about 32 decimal
digits). The program therefore runs orders of magnitude faster and the
wave functions are useful for other applications. This level of accuracy is
more than sufficient for all practical purposes.

The quantity R in the last column gives the ratio of successive differences
defined by

R =
E(Ω− 2)− E(Ω− 1)

EΩ− 1− EΩ
(4)
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Convergence study for the ground state of helium [1].

Ω N E(Ω) R(Ω)

8 269 –2.903 724 377 029 560 058 400
9 347 –2.903 724 377 033 543 320 480
10 443 –2.903 724 377 034 047 783 838 7.90
11 549 –2.903 724 377 034 104 634 696 8.87
12 676 –2.903 724 377 034 116 928 328 4.62
13 814 –2.903 724 377 034 119 224 401 5.35
14 976 –2.903 724 377 034 119 539 797 7.28
15 1150 –2.903 724 377 034 119 585 888 6.84
16 1351 –2.903 724 377 034 119 596 137 4.50
17 1565 –2.903 724 377 034 119 597 856 5.96
18 1809 –2.903 724 377 034 119 598 206 4.90
19 2067 –2.903 724 377 034 119 598 286 4.44
20 2358 –2.903 724 377 034 119 598 305 4.02

Extrapolation [1] ∞ –2.903 724 377 034 119 598 311(1)

Nakashima [2] 22000 -2.903 724 377 034 119 598 311 159 245 194 404 446 696 905 37
Schwartz [3] 10259 –2.903 724 377 034 119 598 311 159 245 194 404 440 0

Schwartz extrap. ∞ –2.903 724 377 034 119 598 311 159 245 194 404 446
Korobov [4] 5200 –2.903 724 377 034 119 598 311 158 7

Korobov extrap. ∞ –2.903 724 377 034 119 598 311 159 4(4)
Goldman [5] 8066 –2.903 724 377 034 119 593 82

Bürgers et al. [6] 24 497 –2.903 724 377 034 119 589(5)
Baker et al. [7] 476 –2.903 724 377 034 118 4
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To the extent that R = constant, the series converges like a geometric series
and can be summed to infinity.

E(∞) =
E(Ωmax)

R− 1
(5)
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Variation of the αs and β’s for a triple basis set for the ground state of helium
[Data from G.W.F. Drake, M.M. Cassar, and R.A. Nistor, Phys. Rev. A 65,
054501 (2002).]
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Note that for high angular momentum, the eigenvalues rapidly approach the
screened hydrogenic eigenvalues

ESH = −Z2

2
− (Z − 1)2

2n2
a.u. (6)

with increasing L, as shown in the following table for L up to 7 (K-states)
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Variational energies for the n = 10 singlet and triplet states of helium.

State Singlet Triplet

10 S –2.005 142 991 747 919(79) –2.005 310 794 915 611 3(11)
10 P –2.004 987 983 802 217 9(26) –2.005 068 805 497 706 7(30)
10 D –2.005 002 071 654 256 81(75) –2.005 002 818 080 228 84(53)
10 F –2.005 000 417 564 668 80(11) –2.005 000 421 686 604 88(26)
10 G –2.005 000 112 764 318 746(22) –2.005 000 112 777 003 317(21)
10 H –2.005 000 039 214 394 532(17) –2.005 000 039 214 417 416(17)
10 I –2.005 000 016 086 516 1947(3) –2.005 000 016 086 516 2194(3)
10 K –2.005 000 007 388 375 8769(0) –2.005 000 007 388 375 8769(0)

−2.005 000 · · · is the screened hydrogenic eigenvalue−2−1/(2n2) with n = 10.
Note that for the K-states, the difference between the singlet and triplet
energy is no longer visible. The correction to ESH is then fully accounted for
by a core-polarization model, as will be discussed in a future lecture.

qqqq

qq

qqqq
q
q
q
q
q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q
q
q
q
qqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqt

t

qq

qqqq
qqqq
qqqq
qqqq
qqqq
qqqq
qqq

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q
q
q
q
qqqqq

qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqq

t

✘
✘

✘
✘

✘✘✾

✘
✘
✘
✘
✘✘✿

r

Z

e
−

e
−

Figure showing the physical basis for a core-polarization model in which a
Rydberg electron moves in the field generated by a polarizable core.
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