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1.1 Basic Formulation

In a semiclassical picture, the interaction Hamiltonian with the radiation field
is obtained by making the minimal coupling replacements

PN → PN − Ze

c
A(RN) (1)

Pi → Pi +
e

c
Ai(Ri) (2)

in the full Hamiltonian in an inertial frame

H =
h̄2

2M
P 2
N +

h̄2

2m
P 2
1 +

h̄2

2m
P 2
2 − Ze2

|X− x1|
− Ze2

|X− x2|
+

e2

|x1 − x2|
(3)

where

A(R) = c

(
2πh̄

ωV

)1/2
ϵ̂ eik·R (4)

is the time-independent part of the vector potential A(r, t) = A(r)e−iωt+c.c
for a photon of frequency ω, wave vector k, and polarization ϵ̂ ⊥ k normalized
to unit photon energy h̄ω in volume V . The linear coupling terms then yield

Hint = − Ze

Mc
PN ·A(RN) +

e

mec

2∑
i=1

Pi·A(Ri) , (5)

and from Fermi’s Golden Rule, the decay rate for spontaneous emission from
state γ to γ′ is

wγ,γ′dΩ =
2π

h̄
|⟨γ|Hint|γ′⟩|2ρf , (6)

where

ρf =
Vω2

(2πc)3h̄
dΩ (7)

is the number of photon states with polarization ϵ̂ per unit energy and solid
angle sΩ in the normalization volume V .

In the long wavelength and electric dipole approximations, the factor eik·R in
Eq. (4) is replaced by unity. After integrating over angles dΩ and summing
over polarizations ϵ̂, the decay rate reduces to

wγ,γ′ = 4
3αωγ,γ′|⟨γ|Qp|γ′⟩|2 , (8)
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where ωγ′,γ is the transition frequency and Qp is the velocity form of the
transition operator

Qp =
Z

Mc
PN +

1

mec

N∑
i=1

Pi (9)

for the general case of N electrons. From the commutator

[H0,Qr/h̄ωγ,γ′] = Qp (10)

where H0 is the field-free Hamiltonian in Eq. (3), the equivalent length form
is

Qr = − i

c
ωγ,γ′

ZRN −
N∑
i=1

Ri

 . (11)

After transforming to c.m. plus relative coordinates in parallel with the anal-
ysis in Lecture 5, the dipole transition operators become

Qp =
Zp

mc

N∑
i=1

pi , Qr =
iωγ,γ′

c
Zr

N∑
i=1

ri , (12)

with

Zp =
Zme +M

M
, Zr =

Zme +M

Nme +M
,

and H0 now contains the Hmp term. If Eq. (??) is solved exactly for the
states |γ⟩ and |γ′⟩, then the identity

⟨γ|Qp|γ′⟩ = ⟨γ|Qr|γ′⟩ (13)

is satisfied to all orders in me/M . For a neutral atom, N = Z and Zr = 1. If
the oscillator strength is defined by

fγ′,γ =
2meωγ′,γ

3h̄

Zr

Zp

 |⟨γ′|
N∑
i=1

ri|γ⟩|2

=
2

3meh̄ωγ′,γ

(
Zp

Zr

)
|⟨γ′|

N∑
i=1

pi|γ⟩|2 (14)

then the Thomas-Reiche-Kuhn sum rule
∑

γ′ fγ′,γ = N remains valid, inde-
pendent of me/M . The decay rate, summed over final states and averaged
over initial states, is

w̄γ,γ′ = −2αh̄ωγ,γ′

mec2
ZpZrf̄γ,γ′ (15)
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where f̄γ,γ′ = −(gγ/gγ′)f̄γ′,γ is the (negative) oscillator strength for photon
emission, and gγ, gγ′ are the statistical weights of the states.

Equivalence of Length and Velocity Forms

If the Schrödinger equation is solved exactly with mass polarization included
in the Hamiltonian, then the equation

⟨γ|Qp|γ′⟩ = ⟨γ|Qr|γ′⟩ (16)

is satisfied exactly, provided that the mass-dependent factors Zr and Zp are
included.

This generalizes the idea of mass scaling to radiative transitions. If the wave
functions are not exact, then the above equivalence of the length (Qr) and
velocity (Qp) is no longer exactly true. The difference in the matrix elements
provides an estimate of the uncertainty. Note that mass-dependent effects
come from the mass-polarization term in the Hamiltonian, as well as from
the Zr, Zp factors.

Einstein A and B Coefficients

As defined here, the quantity w̄γ,γ′ is identical to the Einstein A coefficient,
and has dimensions t−1. It is related to the Einstein B coefficients by the
usual relations

w̄γ,γ′ ≡ Aγ,γ′

=
2ω2

γ,γ′

πc3
h̄ωγ,γ′ Bγ,γ′ (17)

where Bγ,γ′ is the cross section for stimulated emission. The cross section for
absorption is

Bγ′,γ =
gγ
gγ′

Bγ,γ′

according to the rule of summing over final states and averaging over initial
states, with gγ and gγ′ being the statistical weights.
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1.2 Oscillator Strength Table

The following table provides arrays of nonrelativistic oscillator strengths
among various states of helium, including the effects of finite nuclear mass as
a separate factor. In the absence of mass polarization, the correction factor
would be (1+µ/M)−1 ≃ 1−µ/M . Mass polarization effects are particularly
strong for P -states, and for transitions with ∆n = 0.
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Oscillator strengths for helium. The factor in brackets gives the finite mass
correction, with y = µ/M .

1 1S 2 1S 3 1S 4 1S
2 1P 0.276 1647(1− 2.282y) 0.376 4403(1 + 1.255y) −0.145 4703(1 + 1.351y) −0.025 8703(1 + 0.885y)
3 1P 0.073 4349(1− 1.789y) 0.151 3417(1− 3.971y) 0.626 1931(1 + 1.234y) −0.307 5074(1 + 1.097y)
4 1P 0.029 8629(1− 1.583y) 0.049 1549(1− 3.235y) 0.143 8889(1− 4.650y) 0.858 0214(1 + 1.205y)
5 1P 0.015 0393(1− 1.474y) 0.022 3377(1− 2.967y) 0.050 4714(1− 3.764y) 0.146 2869(1− 5.080y)
6 1P 0.008 6277(1− 1.407y) 0.012 1340(1− 2.829y) 0.024 1835(1− 3.444y) 0.052 7562(1− 4.105y)
7 1P 0.005 4054(1− 1.362y) 0.007 3596(1− 2.75y) 0.013 6794(1− 3.279y) 0.025 8918(1− 3.75y)

2 3S 3 3S 4 3S 5 3S
2 3P 0.539 0861(1− 3.185y) −0.208 5359(1− 3.773y) −0.031 7208(1− 2.819y) −0.011 3409(1− 2.609y)
3 3P 0.064 4612(1 + 5.552y) 0.890 8513(1− 2.967y) −0.435 6711(1− 3.362y) −0.067 6073(1− 2.359y)
4 3P 0.025 7689(1 + 3.886y) 0.050 0833(1 + 7.505y) 1.215 2630(1− 2.878y) −0.668 3003(1− 3.185y)
5 3P 0.012 4906(1 + 3.332y) 0.022 9141(1 + 5.209y) 0.044 2305(1 + 9.009y) 1.530 6287(1− 2.827y)
6 3P 0.006 9822(1 + 3.063y) 0.011 9933(1 + 4.460y) 0.021 6301(1 + 6.198y) 0.041 5177(1 + 10.215y)
7 3P 0.004 2990(1 + 2.908y) 0.007 0772(1 + 4.092y) 0.011 7754(1 + 5.292y) 0.021 1003(1 + 6.981y)

2 1P 3 1P 4 1P 5 1P
3 1D 0.710 1641(1− 0.281y) −0.021 1401(1 + 29.947y) −0.015 3034(1− 6.680y) −0.003 1128(1− 6.27y)
4 1D 0.120 2704(1− 1.307y) 0.648 1049(1 + 0.435y) −0.040 0610(1 + 29.183y) −0.039 2932(1− 6.163y)
5 1D 0.043 2576(1− 1.681y) 0.141 3027(1− 0.566y) 0.647 6679(1 + 0.817y) −0.057 3258(1 + 28.903y)
6 1D 0.020 9485(1− 1.866y) 0.056 2766(1− 0.936y) 0.152 8104(1− 0.170y) 0.669 8361(1 + 1.056y)
7 1D 0.011 8970(1− 1.975y) 0.028 8961(1− 1.127y) 0.063 5953(1− 0.538y) 0.163 0272(1 + 0.082y)
8 1D 0.007 4645(1− 2.046y) 0.017 0777(1− 1.241y) 0.033 6403(1− 0.731y) 0.069 3063(1− 0.26y)

2 3P 3 3P 4 3P 5 3P
3 3D 0.610 2252(1− 2.029y) 0.112 1004(1 + 6.653y) −0.036 9592(1 + 3.292y) −0.006 9009(1 + 2.678y)
4 3D 0.122 8469(1− 1.001y) 0.477 5938(1− 3.059y) 0.200 9498(1 + 6.368y) −0.088 3017(1 + 2.939y)
5 3D 0.047 0071(1− 0.631y) 0.124 5532(1− 2.019y) 0.438 3888(1− 3.607y) 0.280 0558(1 + 6.225y)
6 3D 0.023 4692(1− 0.449y) 0.053 0093(1− 1.631y) 0.123 9414(1− 2.555y) 0.429 4411(1− 3.961y)
7 3D 0.013 5638(1− 0.346y) 0.028 1587(1− 1.432y) 0.055 2332(1− 2.153y) 0.125 2389(1− 2.904y)
8 3D 0.008 6047(1− 0.280y) 0.016 9809(1− 1.315y) 0.030 2853(1− 1.94y) 0.057 0589(1− 2.498y)

3 1D 4 1D 5 1D 6 1D
4 1F 1.015 0829(1− 1.010y) 0.002 4920(1 + 3.833y) −0.012 6968(1− 0.888y) −0.002 2631(1− 0.890y)
5 1F 0.156 8808(1− 0.993y) 0.886 1343(1− 1.023y) 0.004 6467(1 + 4.139y) −0.033 2539(1− 0.893y)
6 1F 0.054 0508(1− 0.984y) 0.186 0576(1− 1.001y) 0.839 1374(1− 1.031y) 0.006 6028(1 + 4.302y)
7 1F 0.025 6799(1− 0.978y) 0.072 3229(1− 0.994y) 0.196 3692(1− 1.014y) 0.826 9464(1− 1.039y)
8 1F 0.014 4782(1− 0.978y) 0.036 6627(1− 0.987y) 0.080 7847(1− 1.003y) 0.203 1182(1− 1.019y)
9 1F 0.009 0730(1− 0.977y) 0.021 5401(1− 0.975y) 0.042 4256(1− 1.000y) 0.086 0955(1− 1.01y)

3 3D 4 3D 5 3D 6 3D
4 3F 1.014 3389(1− 0.997y) 0.003 3992(1− 2.166y) −0.012 8084(1− 1.042y) −0.002 2830(1− 1.044y)
5 3F 0.156 9831(1− 1.004y) 0.884 5767(1− 0.991y) 0.006 5121(1− 2.387y) −0.033 5369(1− 1.043y)
6 3F 0.054 1179(1− 1.006y) 0.186 0264(1− 1.003y) 0.837 0221(1− 0.988y) 0.009 3836(1− 2.499y)
7 3F 0.025 7201(1− 1.008y) 0.072 3579(1− 1.003y) 0.196 2031(1− 0.996y) 0.824 4031(1− 0.984y)
8 3F 0.014 5037(1− 1.009y) 0.036 6936(1− 1.004y) 0.080 7712(1− 1.00y) 0.202 8407(1− 0.993y)
9 3F 0.009 0903(1− 1.008y) 0.021 5632(1− 1.011y) 0.042 4344(1− 0.99y) 0.086 0373(1− 0.99y)

6



The largest relativistic correction comes from singlet-triplet mixing between
states with the same n, L, and J (e.g. 3 1D2 and 3 3D2) due to HFS. The wave
functions obtained by diagonalizing the 2× 2 matrices H0 +HNFS +HFS are
then

Ψ(n 1LL) = Ψ0(n
1LL) cos θ +Ψ0(n

3LL) sin θ

Ψ(n 3LL) = −Ψ0(n
1LL) sin θ +Ψ0(n

3LL) cos θ .

Values of sin θ are listed in Table 1.2.

Singlet-triplet mixing angles for helium.

State sin θ State sin θ State sin θ

2 P 0.000 2783
3 P 0.000 2558 3 D 0.015 6095
4 P 0.000 2498 4 D 0.011 3960 4 F 0.604 1024
5 P 0.000 2473 5 D 0.010 1143 5 F 0.549 9291
6 P 0.000 2460 6 D 0.009 5289 6 F 0.518 0737
7 P 0.000 2452 7 D 0.009 2067 7 F 0.498 4184
8 P 0.000 2447 8 D 0.009 0087 8 F 0.485 5768
9 P 0.000 2444 9 D 0.008 8777 9 F 0.476 7620
10 P 0.000 2442 10 D 0.008 7862 10 F 0.470 4595

5 G 0.693 4752
6 G 0.693 1996 6 H 0.696 2385
7 G 0.692 9889 7 H 0.696 2377 7 I 0.697 9315
8 G 0.692 8356 8 H 0.696 2372 8 I 0.697 9315
9 G 0.692 7195 9 H 0.696 2374 9 I 0.697 9316
10 G 0.692 6329 10 H 0.696 2353 10 I 0.697 9316

8 K 0.699 1671
9 K 0.699 1671 9 L 0.700 1089
10 K 0.699 1671 10 L 0.700 1089 10 M 0.700 8507
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The corrected oscillator strengths f̃γ,γ′ for the singlet (s) and triplet (t) com-
ponents of a γ → γ′ transition can then be calculated from the values in the
above table according to

f̃ ss
γ,γ′ = ωss

γ,γ′

(
Xss

γ,γ′ cos θγ cos θγ′ +Xtt
γ,γ′ sin θγ sin θγ′

)2
,

f̃ tt
γ,γ′ = ωtt

γ,γ′

(
Xss

γ,γ′ sin θγ sin θγ′ +Xtt
γ,γ′ cos θγ cos θγ′

)2
,

f̃ st
γ,γ′ = ωst

γ,γ′

(
Xss

γ,γ′ cos θγ sin θγ′ −Xtt
γ,γ′ sin θγ cos θγ′

)2
,

f̃ ts
γ,γ′ = ωts

γ,γ′

(
Xss

γ,γ′ sin θγ cos θγ′ −Xtt
γ,γ′ cos θγ sin θγ′

)2
,

where Xss
γ,γ′ = (f ss

γ,γ′/ωss
γ,γ′)1/2, and similarly for Xtt

γ,γ′. From Eq. (14), Xγ,γ′ is
proportional to the dipole length form of the transition operator, for which
there are no spin-dependent relativistic corrections [see G.W.F. Drake, J.
Phys. B 9, L169 (1976) and K. Pachucki, Phys. Rev. A 69, 052502 (1004)].
The mixing corrections are particularly significant for D–F and F–G tran-
sitions, where intermediate coupling prevails. The two-state approximation
becomes increasingly accurate with increasing L, but for P -states, where sin θ
is small, states with n′ ̸= n must also be included.
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Extensive calculations of spin-forbidden transitions in helium carried out by
Drake and Morton. See

D.C. Morton and G.W.F. Drake, “Oscillator strengths for spin-changing PD
transitions in He I including the effect of a finite nuclear mass and interme-
diate coupling,” Can . J. Phys. 95, 829 (2017).

D. C. Morton and G. W. F. Drake, (2016). “Oscillator strengths for 1s2 1S0−
1s2p 3P1,2 transitions in helium-like carbon, nitrogen and oxygen including the
effects of a finite nuclear mass” J. Phys. B – At. Mol. Opt. Phys. 49, 234002
(2016).

Also, the unified method can be applied to both allowed and spin-changing
transitions for intermediate and mnuclear charge. See G.W.F. Drake, “Uni-
fied relativistic theory of 1s2p 3P1−1s2 1S0 and 1s2p 1P1−1s2 1S0 frequencies
and transition rates in helium-like ions,” Phys. Rev. A 19, 1387 (1979).
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RADIATIVE TRANSITIONS IN LITHIUM

For this section, we will look directly at the papers

• Z.-C. Yan and G.W.F. Drake Theoretical lithium 2 2S − 2 2P and 2 2P −
3 2D oscillator strengths, Phys. Rev. A 52, R4316 (1995).

• Z.-C. Yan, M. Tambasco and G.W.F. Drake Energies and oscillator strengths
for lithiumlike ions, Phys. Rev. A 57, 1652 (1998).

The second paper contains and estimate of relativistic corrections and com-
parisons with a high-precision experiment for the lifetime of the 2 2P state.
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